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Abstract: We propose an image reconstruction algorithm using Bayes inference for the

Radon transformed observation data, which is usually used in medical imaging such like

CT/PET. Thorough our Bayesian reconstruction method, we introduced several hyper-

parameters for the prior and the observation process. The quality of the reconstructed

image is influenced of the estimation accuracy of those hyper-parameters. Hence, we also

propose the inference method of those hyper-parameters using marginal likelihood maxi-

mization principle. We show a better reconstruction result rather than that of a conven-

tional method.
Keywords: Radon Transform, Bayes Inference, Image Reconstruction, Hyper-parameter

Inference
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∫

dt ξ (x(s, t), y(s, t)) (1)
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σ̃(x̃, ỹ) =
∫∫

dxdy σ(x, y) e−2πj(xx̃+yỹ) (2)

σ(x, y) =
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dx̃dỹ σ̃(x̃, ỹ) e2πj(xx̃+yỹ) (3)
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∫∫
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þ	Í�w�¤�:�t�S�M�o�x�¨�¢�µ�Ê� �¶ np(x, y) �›�ß�€

�b�”�w�p�|�
���‹�x τ(s, θ) �x Radon �!�õ�›�p�b�”�\�q
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τ(s, θ) =
∫

dt (σ(x, y) + np(x, y)) (12)

=
∫

dtσ(x, y) + Np(s, θ) (13)
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Np(s, θ) =
∫

dt nP (x, y) �q�s�”�w�p�|�•�x�“�¨�¢�µ�!
:
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: Hn(τ | σ)

�›�Ž�<�w�‘�O�t���[�b�” [3][5]:

Hn(τ | σ) = 4π2γ

∫ π

0

dθ

∫
ds

(
τ(s, θ) −

∫
dt σ(x, y)

)2

.

(14)

�Ë� �Í�”�Í�å�Ý�”�» γ �x�¨�¢�µ�Ê� �¶ Np(s, θ) �w�y�’

�m�V�t�o
z�«�b�”�”�›
¯�˜�`�|�‹�U�G�V�M�„�r�¨�¢�µ�Ê

� �¶�w�è�¹�U	–�^�M�\�q�›�™�¯�b�”�}�\�•�x�h
þ	.
î�t

�S�M�o�
���›�¨�¢�µ�Ê� �¶�½�ß�É�ç�›�è�`�o�æ�l�h�‹�w

�q�ˆ�s�b�\�q�U�p�V�” [3]�}�\�w�q�V�|�
���a���w�¬�p�›

p(τ | σ) ∝ exp(−Hn(τ | σ)) (15)
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Planchrel �w���g�‘�“

p(τ | σ) ∝ exp
(
−4π2γ

∫
dθ

∫
ds̃ |τ̃s̃,θ − σ̃s̃,θ|2

)
(16)

�q	{�Z�”�}�h�i�` τ̃s̃,θ = τ̃(s̃, θ), σ̃s̃,θ = σ̃(s̃ cos θ, s̃ sin θ)
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Hpri(σ) = β

∫∫
dx dy ||∇σ(x, y)||2

+ 4π2h

∫∫
dx dy σ(x, y)2 (17)

�w�‘�O�t�ß�Q�”�‹�w�q�b�”�}�Ü (17) �t�S�M�o�|�H 1 �ò�U

�Ù�¡�w�h
É	ô�ø�w�¨�Å�S�t���b�”�Æ��	Ú�E�p�K�“ MRF

�t�0� �b�”�}�H 2 �ò�è�U�h
þ
¶�.�w�8�4�‹�w	*�“�t�r�w

�X�’�M�w
Ã�S�p�h
É	ô�ø�U���O�b�”�T�q�M�O�Æ��	Ú�E�p�|

�h
É�‹
¶�.�w
ü
Í�U�¨�¢�µ
ü
Í�t	H�O�‘�O�t�b�”�h�Š�w

�Æ��	Ú�E�q�s�”�}�Ü (17) �w
u
ü�t�0�`�o�|�Ã�2
ª
¯�q�›

�‹�Ö�`�h�q�V�w�Ä
²
ü
Í�x

p(σ) ∝ exp(−Hpri(σ)) (18)

= exp
(
−4π2

∫
dθ

∫
ds̃ (βs̃2 + h)|s̃||σ̃s̃,θ|2

)
(19)

�q	{�Z�”�}

�Ž	Í�w�^�æ�q�Õ� �¶�w���g

p(σ | τ ) =
p(τ | σ)p(σ)∑
σ p(τ | σ)p(σ)

(20)

�‘�“�Ä�™
ü
Í�›�‹�X�\�q�q�b�”�}�Ü (19) �S�‘�| (16) �›

�;�M�o�Ü (20) �w
ü� �w�ò�›�-�‰�b�”�q�|

p(σ | τ ) ∝ exp

(
−4π2

∫ π

0

dθ

∫
ds̃ F̃s̃

∣∣∣∣σ̃s̃,θ −
γ

F̃s̃

τ̃s̃,θ

∣∣∣∣2
)

× exp
(
−4π2

∫ π

0

dθ

∫
ds̃ γ

(
1 − γ

F̃s̃

)
|τ̃s̃,θ|2

)
,

(21)

�q�s�” . �h�i�`�| F̃s̃ = (βs̃2 + h)|s̃| + γ �p�K�”�}



�°�M�|
ü�<�w
ü
���
:
∑

σ p(τ | σ)p(σ) �p�K�”�U�|	*

�þ
:�í���›�Ã�2
ª�t�
�l�o�m�„�=�`�h	Í�p�ß�Q�”�‹�w�q

�b�” (
$ 3 �€	° )�}�ˆ���M�²�q�¯�S�M�²�w�±�ï�Ó�æ�ï�¬


ï�›�¤�‘ ∆s̃, ∆θ �q�b�”�q�|�m�„�=�2 (s̃k, θl) �x�|�¤�‘

s̃k = k∆s̃, θl = l∆θl
�q
¯�d�”�}�¯�S�M�²�w�±�ï�Ó�æ�ï

�¬
ï�x�|�·�ï�±�ž�è� �w�
���¯�S�t�0� �b�”�}�\�\�p�x

∆θ = π/Nθ �q�`�| [0, π] �› Nθ �s
ü�`�h�¤�:�t�S�M�o�


���b�”�\�q�›�>���`�h�}�°�M�|�ˆ���M�²�w�±�ï�Ó�æ�ï�¬


ï ∆s̃ �p�K�”�U�| s̃ �U�| s �w	*�þ
:
¯�q�p�K�”�\�q�T�’�|

Fourier �!�õ (4) �T�’�>���b�”
ž�A�U�K�”�}���|�Õ�^ L

�w�·�ï�±�ž�è� 	Í�t Ns �x�w�·�ï�±�›�s���´�t
��”�b�”

�\�q�›�ß�Q�”�}�\�w�q�V�| Fourier �!�õ (4) �›�m�„�=�`�o


¯�q�b�”�q�|

τ̃(s̃k, θl) =
∫

ds τ(s, θ)e−2πjss̃ (22)

∼
Ns−1∑
k̃=0

∆sτ(sk, θl)e−2πjsk s̃k̃ (23)

�q	{�Z�”�}�\�w�q�V�w�Æ� �©�µ�Ä	*�þ
:�x�| 1/2∆s �p�K

�“�|�0� �b�”�m�„�Ñ�”�æ�¤�!�õ�x�|	*�þ
:�í���w���[�¬

�› [−1/2∆s, 1/2∆s] �q�`�|�\�w�à���› Ns �s
ü�`�h�±�ï

�Ó�æ�ï�¬�:�p�w�‹�p
¯�q�^�•�”�\�q�t�s�”�}�\�w�\�q�T

�’�|	*�þ
:�í���w�±�ï�Ó�æ�ï�¬���´�x�| ∆s̃ = 1/Ns∆s �q

	{�Z�”�\�q�t�s�”�}�Ž	Í�w�^�æ�T�’�Ü (4) �w Fourier �!

�õ�0�x�|

τ̃(s̃k, θl) ∼ ∆s

Ns−1∑
k̃=0

τk,l e−2πj kk̃
Ns = ∆sτ̃k̃,l (24)

τ(sk, θl) ∼
1

Ns

Ns−1∑
k=0

τ̃k̃,l e−2πj kk̃
Ns (25)

�q�M�O�m�„�Ñ�”�æ�¤�!�õ�0 {{τk,l}, {τ̃k̃,l}} �›�;�M�o
¯

�q�p�V�” �}�\ �\ �p�|�Ü (20) �t �� �‡�• �” 
u
ü
∫

ds̃ �›∑Ns−1

k̃
∆s̃ �q�`�o�m�„�=�›�æ�O�q�|	*�%�=�Ä�™�¬�p

p(σk̃,l | τ ) = N
(

σk̃,l |
γ

Fk̃

τ̃k̃,l,
Ns

8π2∆θFk̃

)
(26)

�U�˜�’�•�”�}�h�i�`�| N (x | µ, S) �x�| x �›�¬�p�!
:�q

�`�h���É µ, 
ü�„ S �w
Y�F
ü
Í�w�¬�p�µ�S�›
¯�b�‹�w

�q�b�”�}�‡�h�|	*�þ
:�í��	Í�w�¤�±�ï�Ó�æ�ï�¬�Ù� �ï�Ä

σ̃k̃,l τ̃k̃,l, F̃k̃ �x�|�f�•�g�• σ̃k̃,l = σ̃s̃k̃,θl
, τ̃k̃,l = τ̃s̃k̃,θl

,

F̃k̃ = F̃s̃k̃
= (βs̃2

k̃
+ h)|s̃k̃| + γ �›
¯�b�‹�w�q�`�h�}

2.4 �h
þ	.
î

�h
þ	.
î�w
“�t�q�`�o�x�|	*�%�Ä�™
ü
Í�t�‘�”�8�4�‹

〈σ(x, y)〉 �›	��”
“�t�›�ß�Q�”�} Fourier 
¯�q�w
¢��
Q�›

x~

y~

Δs~ Δθ

(s
k 
,θ

l
)~

~


$ 3 	*�þ
:�í���t�S�Z�”�m�„�=�M�O : �Ã�2
ª	Í�p�w�m

�„�=�›�æ�O�}

�ß�€�b�”�q

〈σ(x, y)〉 =
∫ π

0

dθ

∫ ∞

−∞
ds̃ |s̃| 〈σ̃s̃,θ〉 e2πjs̃(x cos θ+y sin θ)

(27)

�q 	{ �Z�” �}�` �h �U�l �o �| 〈σ(x, y)〉 �› �{ �Š�” �h �Š�t �x ,

Fourier �í���t�S�Z�”�í��	*�þ
:�w	B�ù {〈σ̃s̃,θ〉} �›�{

�Š�•�y�‘�X�| 〈σ̃s̃,θ〉 �x���Ü�$�t

〈σ̃s̃,θ〉 =
∑

σ σ̃s̃,θ e
−4π2 R π

0 dθ
R ∞
−∞ ds̃ F̃s̃

˛

˛

˛

σ̃s̃,θ− γ

F̃s̃
τ̃s̃,θ

˛

˛

˛

2

∑
σ e

−4π2
R π
0 dθ

R ∞
−∞ ds̃ F̃s̃

˛

˛

˛

σ̃s̃,θ− γ

F̃s̃
τ̃s̃,θ

˛

˛

˛

2

(28)

�q	{�Z�”�}�Ü (28) �›�-�‰�b�”�•�t
²
…�q�‰�7�t	*�þ
:�í

���w�Ã�2
ª	Í�p�m�„�=�›�æ�s�l�o�r�›�{�Š�”�q〈
σ̃k̃,l

〉
=

γ

F̃k̃

τ̃k̃,l (29)

�q�s�”�}�\�•�x�Ü (26) �t�S�M�o MAP (Maximum A

Priori) 
“�t�›�>�l�h�Ì�w�r�q�°�•�b�”�}

�Ž	Í�t�‘�“�{�‡�l�h
{〈

σ̃k̃,l

〉}
�›�;�M�o�| FBP �O�t

	Z�o�X�” �� 
: g(s, θ) �w�• �” (sk, θl) �t �S�Z�” �8�4�‹

〈gk,l〉 = 〈g(sk, θl)〉 �›�-�‰�b�”�q

〈gk,l〉 =
∫ ∞

−∞
ds̃ |s̃| 〈σ̃s̃,θl

〉 e2πjsk s̃

∼ 1
Ns

Ns−1∑
k̃=0

|s̃k|
〈
σ̃k̃,l

〉
e2πj kk̃

Ns (30)

�q�s�”�}

�\�w 〈gk,l〉 �›�i�t�h
þ�í���p�w�•�” (x, y) �t�0� �b�”

�h
É�‹�w���É 〈σ(x, y)〉 �›
*���b�”�\�q�›�ß�Q�”�}�\�w

	Ô�ù�x s = x cos θ + y sin θ �q�M�O�����U�K�”�w�p�| s �U

�¸�S�±�ï�Ó�ç�¨� �:�t	Ð�”�q�x�v�’�s�M�}�f�\�p
¢���4

���p�h
É�‹�›
*���b�”�\�q�t�b�”�}�b�s�˜�j sk∗ ≤ s <

sk∗+1 �q�s�”�‘�O�s�| k∗ �›�s�`	Z�`�| v = s−sk∗
∆s

�q�`�h

	Í�p�|

〈g(s, θl)〉 = (1 − v) 〈gk∗,l〉 + v 〈gk∗+1,l〉 (31)



0 1 2 3 4 5 6

3.0 x 104

2.0 x 104

1.0 x 104

Histogram of pixels


$ 4 Logan-Shepp �Ñ�•�ï�Ä�Ü�h
þ�q�h
É�‹�w�Î�µ�Ä

�¬�å�Ü�} Logan-Shepp �Ñ�•�ï�Ä�Ü�h
þ�x�.�…�Ø�›�Û�Ü

�$�t
¯�q�`�| CT/PET �h
þ�w�6�Ï
R�³�Û�á�è�”�³�ã�ï

�q�`�o�;�M�’�•�”�}
$�x�Ó�é�¬�å�Û�ï�¬�t�  R �w�¦�Á

�Í�¿�­�”�´�t�‘�l�o
\
R�`�o�M�”�}�È
$�x�\�w�Ñ�•�ï

�Ä�Ü�h
þ�w�h
É�‹�w�Î�µ�Ä�¬�å�Ü�›
¯�b�}
�� 	í�w��

�x�h
É�‹ 0 �p
¯�^�•�|�‹�l�q�‹�Ì�”�M
(	í�‹ 6.0 ���S

�w�h
É�‹�p
¯�q�^�•�o�M�”�}

�q �” �X �\ �q �t �b �” �}�7 	4 �$ �t �{ �Š �h �M�6 �Ï 
R �w �• �”

(x, y) �t�S�Z�”�8�4�‹ 〈σ(x, y)〉 �x

〈σ(x, y)〉 =
∫ π

0

dθ 〈g(x cos θ + y sin θ, θ)〉 (32)

∼ ∆θ

Nθ−1∑
l=0

〈g(x cos θl + y sin θl, θl)〉 (33)

�q�Ù�Å�p�V�”�}

2.5 �Ë� �Í�”�Í�å�Ý�”�»
*��

�h
þ	.
î�›�æ�s�O�h�Š�t�x�|�Ë� �Í�”�Í�å�Ý�”�» β, h,

γ �›
*���b�”
ž�A�U�K�”�}�\�•�’�w�Ë� �Í�”�Í�å�Ý�”�»

�›�0
:	*�%�ì�S�7�G�=�w�î
Ê�ˆ�p�{�Š�”�\�q�›�ß�Q�”�}

�0
:	*�%�ì�S�x

ln p(τ | β, h, γ) = lnZpost(β, h, γ)

− ln Zn(γ) − lnZpri(β, h). (34)

�w�‘�O�t 3 �m�w
ü
���
:�|�b�s�˜�j�Ä�™
ü
Í�w
ü
���
:

Zpost, �
���½�ß�É�ç�w
ü
���
: Zn, �Ä
²
ü
Í�w
ü
���
:

Zpri�|�¤�‘�w�0
:�p�G	\�p�V�|�\�•�’�w
ü
���
:�x�¤�‘

Zpri(β, h) =
∑
σ

e−Hpri(σ | β,h) (35)

Zn(γ) =
∑
τ

e−Hn(τ | σ,γ) (36)

Zpost(β, h, γ) =
∑
σ

e−Hpri(σ | β,h)−Hn(τ | σ,γ) (37)

�q�T�Z�”�}�¤
ü
���
:�w
u
ü�t�0�`�o
²
…�‡�p�w�^�æ�q

�‰�7�s�m�„�=�›�æ�O�q�|��
:
æ
ü�›	†�M�o�Ž�<�w�‘�O�t


¯ 1 
*���`�h�Ë� �Í�”�Í�å�Ý�”�»�‹�}�Ä
²
ü
Í�t���˜

�”�Ë� �Í�”�Í�å�Ý�”�» β, h �x�h
þ�w�Ä
²
ü
Í (�Ü (17)

�€	° ) �t�| γ �x�
���a�� (�Ü (14) �€	° ) �t���˜�”�Ë� 

�Í�”�Í�å�Ý�”�»�}


ª	j� �) β h γ

0.5 8.54 × 10−3 3.28 × 10−2 1.65 × 104

1.0 7.80 × 10−3 3.62 × 10−2 2.76 × 103

2.0 7.14 × 10−3 3.94 × 10−2 4.96 × 102

4.0 6.73 × 10−3 4.17 × 10−2 1.07 × 102


¯�q�p�V�” :

ln Zpri(β, h) = − Nθ

2

Ns−1∑
k̃=0

ln(βs̃2
k̃

+ h) (38)

lnZn(γ) = − NθNs

2
ln γ (39)

lnZpost(β, h, γ) = − 4π2∆θ

Ns

Ns−1∑
k̃=0

γ

(
1 − γ

F̃k

) ∣∣∣τk̃,l

∣∣∣2
− Nθ

2

Ns−1∑
k̃=0

ln F̃k̃. (40)

�K�q�x�|	*�%�0
:�ì�S�›�¤�Ë� �Í�”�Í�å�Ý�”�»�t���`

�o�¯
��›�{�Š�|�\�•�› 0 �q�S�X�\�q�t�‘�l�o�Ë� �Í�”�Í

�å�Ý�”�»
*���›�æ�O�\�q�U�p�V�”�}�h�i�`�r
s�$�t�r�X

�\�q�x���É�p�K�”�h�Š�|�Ë� �Í�”�Í�å�Ý�”�»
*���x�|�Ü

(34) �›�7�G�=�b�”�‘�O�s�| β, h, γ �›�¯
��O�p�{�Š�”�\

�q�q�`�h�}�b�s�˜�j βt+1

ht+1

γt+1

 =

 βt

ht

γt

+ η∇ ln p(τ | β, h, γ) (41)

�t�‘�l�o�Ë� �Í�”�Í�å�Ý�”�»�›�Ë	ý�b�”�}

3 �-�‰�;�î�g

�-�‰�;�î�g�t�S�Z�”�2
ª�%�x�Ž�<�w�‘�O�s���p	��”�‹

�w�q�`�h�}�‡�c�| Logan-Shepp �Ñ�•�ï�Ä�Ü�h
þ�› Nx ×
Ny �w�G�V�^�p
\
R�`�|�\�•�›�j�:�›�¤	ú�q�`�h	N�# L

�w�Õ�^�w
Y�M�� [−L/2, L/2] × [−L/2, L/2] �º�w�–�¬�t

�Ú�¿�Ð�ï�¬�`�h�‹�w�›�j�h
þ�q�`�h�}�‡�h�j�:�›�¤	ú�q

�`�h
R�� L/2 �w���w�Ž���x�·�ï�±�ž�è� �t�d�è�`�h�q

�V�t , �
���¯�S�t�‘�l�o�x�
���p�V�s�M	Ô�ù�‹�K�”�h�Š�|

�\�w
æ
ü�t�x�
���0	Å�x���O�`�s�M�‹�w�q�`�h�}�‡�h�¤

�
���¯�S θl �t�S�M�o s �w�2
ª�%�x�|
$ 1 �w�‘�O�t�ß

�Q�|�j�: s = 0 �w�•�”�x�| (x, y) �2
ª�%�w�j�:�› s �à

	Í�t
(�Ú�t�d�è�`�h�:�t�q�”�‹�w�q�`�h�}���s�w�î�g�p
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¯

�q�}�C�Q�”�Ê� �¶�w
ª	j� �)�w�G�V�^�›
¯ 1 �t	H�l�o


ƒ���`�h�}
ª	j� �)�w�G�V�^�x�|	Í�ˆ�(�T�’�x 0.5, 1.0,
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�› f �Ï
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�x�| Nx = Ny = Nθ = Ns = 256 �q�`�|�·�ï�±�w�Õ�^�x

L = 1 �q�`�h . 
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