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þ�£�p�K�”�\�q�›
¯�b�h�Š�p�K�”�}�«�Q�y�| φ �x Y �w�¤


æ
ü	B�ù�› X �w
æ
ü	B�ù�t�ø
þ�b�”�}

�Š�Ø�p�x�…�Ø�x 1 �t�x	×�t 1 �f�w�‹�w�›�)�Q�”�}�f

�\�p�\�w
$�Ü�t�S�Z�” w �w�‘�O�t�|
$�Ü�¤�p�x 1 �x	²

�t�`�|��
:�ø
þ�x�Ö�ù�b�”�ü�¹�w�ˆ�p
¯�˜�b�}�f�w
þ�x

{w} �p�K�”�}

�Å�€�›�m�Z�h�4�È�x�€	°�w�h�Š�p�K�”�}�Ž�<�|���¤�p

�x	×�t�| S i �x�f�w�q�V�€	°�`�o�M�”
$�Ü�¤�p (i) �w�m�M

�h	B�ù�›
¯�˜�b�}	H�l�o�|�«�Q�y (3) �w
$�Ü�t�m�M�o�é

�`�o�M�”�q�V�t�x�| S 1 �x	B�ù X �›�™�¯�` S 2 �x Y �›�™

�¯�b�”�}

�ü�¹�w
Œ�z�t�x�|
Ó�è�w
‘�l�h�‹�w�q���M�‹�w�w�Ë	�

�¨�K�”�}
æ
ü�� S ′ �t���b�”	B�ù�t�Ö�”�ü�¹�x���M
Œ�z

�›�Ë�m�}	Í�w�«�p�x S 4 = W �p�f�O�s�l�o�M�”�}

�\�w
$�Ü�w�…�Ø s �t�m�M�o�|�«�Q�y

in(X) = {φ, δ},
dm(φ) = Y,

s(X) = φ(s(Y)) ∩ δ(s(W)),

s(W) = κ(s(X)) ∪ {w}

�s�r�U
R�“�q�m�}

4.2.3 
$�Ü�q�…�Ø�t�‘�”
¯�q


$�Ü�q�f�w
æ
ü�…�Ø�x�|�Í�w�™�¯�p�0	Å�›
¯�q�b�”�}

���[ 4. (S ,S ′,M ) �›
$�Ü�| X �›	B�ù�� S �t���b�”	B

�ù�| T �› S �w
æ
ü�� , t �› T �w�…�Ø�q�b�”�}�K�”�0

	Å�U�,��
¯�q�p X �w
æ
ü	B�ù A �t�‘�l�o
¯�q�^�•�o�M

�”�q�b�”�}�\�w�q�V�|�‹�` (S ,S ′,M | t) �t���‡�•�”�Ú

�™�w�…�Øs �t�m�M�o s(X) = A �U
R�“�q�j�|�‡�h�f�w�‘

�O�s s �U	—�s�X�q�‹�°�m���O�b�”�s�’�y�|�\�w�0	Å�x

(S ,S ′,M ,T , t, X) �t�‘�l�o
¯�q�^�•�”�q�M�O�}

�K�” X�| T �| t �U���O�`�o (S ,S ′,M ,T , t, X) �U�0	Å

�›
¯�q�b�”�q�V�|�f�w�0	Å�x
$�Ü (S ,S ′,M ) �t�‘�l�o


¯�q�^�•�”�q�M�O�}

�,��
¯�q�x�| S = S ′ = T = {X},M = ∅, t(X) = A �q

�b�” �×�Ì�s
¯�q �q�‰�°�¹�b�”�\�q�t�‘�“�|
$�Ü�q�f�w
æ


ü�…�Ø�t�‘�”
¯�q�w�›	��s	Ô�ù�q�ß�Q�”�\�q�U�p�V�”�}


$�Ü�q
æ
ü�…�Ø�t�‘�“�|�ˆ�ø
þ�›�Í�w�‘�O�t
¯�q�b�”

�\�q�U�p�V�”�}

���[ 5. (S ,S ′,M ) �›
$�Ü�| X,Y �›	B�ù�� S �t���b�”

	B�ù�| T �› S �w
æ
ü���q�b�”�}�‡�h t �› T �w�…�Ø�p�| X

�w�Ú�™�w
æ
ü	B�ù A �t�m�M�o s(X) = A �›�¬�h�b�…�Ø s ∈
Γ(S ,S ′,M | t) �U���O�b�”�‘�O�s�‹�w�q�b�”�}�ˆ�ø
þ

φ : 2X → 2Y �x�| Γ(S ,S ′,M | t) �t���b�”�b�‚�o�w�…�Ø

s �U s(Y) = φ(s(X)) �›�¬�h�b�q�V�| (S ,S ′,M ,T , t, X,Y)
�t�‘�l�o
¯�q�^�•�”�q�M�O�}

�K�” X,Y,T , t �U���O�`�o (S ,S ′,M ,T , t, X,Y) �U φ :
2X → 2Y �›
¯�q�b�”�q�V�|�f�w φ �x
$�Ü (S ,S ′,M ) �t

�‘�l�o
¯�q�^�•�”�q�M�O�}

5 �«
�Š
…�p�x
$�Ü�q�…�Ø�t�‘�”
¯�q�w�«�›�M�X�m�T�Ô�b�}

5.1 ���[�q�G�ø

�\�\�p�|�Ž�<�p�–�O�M�X�m�T�w�“�æ�q�G�ø�›�‡�q�Š�o

���[�b�”�}

i) �Ú�™�w	B�ù X �t�m�M�o�| id : X → X �x X 	Í�w�Ã�s

�ø
þ�›�| ω : X → 1 �x X �T�’ 1 �•�w�ø
þ�›
¯�b�}�4

	B�ù�ø
þ cmpl : 2X → 2X �x A ⊂ X �t�m�M�o

cmpl(A) = cA = X \ A.

�p���[�^�•�”�}

ii) 
ó
:�w�ø
þ fi : X → Yi (i = 1, · · · , n) �w
u�ø
þ

f1 × · · · × fn : X → Y1 × · · · × Yn

�x

( f1 × · · · × fn)(x) = ( f1(x), · · · , fn(x))



�p���[�^�•�”�}�ø
þ f : X → Y �q��
:�ø
þ z : 1→ Z

�U�)�Q�’�•�h�q�V�| f �q z ◦ ω : X → Z �w
u�ø
þ

f × (z ◦ ω) : X → Y × Z

�›�^�”�\�q�U�p�V�”�U�|�\�w�ø
þ�›	²�t�`�o

f × z : X → Y × Z

�q�‹	{�X�}�°
`�t�| X → Y �w���w�ø
þ�q 1→ Z �w��

�w�ø
þ�›
u�ø
þ�q�`�o���ù�`�h�G�ø�›�‰�7�t�–�O�}

iii) 	B�ù�w�Ú
u X1 × X2 × · · · × Xn �t�0�`�o�|�ø
þ

πi : X1 × X2 × · · · × Xn → Xi

�x i 
j�è�w
R
ü�•�w�ù�è�›
¯�b�}�ù�è�w
u�ø
þ�t�m

�M�o�x πi × π j : X1 × · · · × Xn → Xi × X j �› πi j �p�|

πi × π j × πk �› πi jk �p
¯�b�s�r�w	²�t���›�–�O�}

iv) �ø
þ f : X → Y �t�m�M�o�|�‰�a�G�ø�p�ˆ	B�ù���w

�ø
þ f : 2X → 2Y �›
¯�b�}�\�•�x A ⊂ X �t�m�M�o

f (A) = { f (x) | x ∈ A} ⊂ Y �p���[�^�•�”�}

v) �ø
þ f : X → Y �t�m�M�o�|�o
þ�›�)�Q�”�ø
þ f −1 :
2Y → 2X �x A ⊂ Y �t�m�M�o f −1(A) = {x ∈ X | f (x) ∈
A} ⊂ X �p���[�^�•�”�}�‡�h y ∈ Y �t�m�M�o f −1(y)
�x f −1({y}) �›�™�¯�b�”�\�q�q�b�”�}

vi) �ø
þ f : X → X �t�m�M�o�| f 0 �x id �›�™�¯�`�| n �U
Y


T
:�w�q�V f n �x f �› n �s�^�;�^�d�”�ø
þ�›�|�K�”

�M�x iv) �t	H�l�o�f�w�ˆ�ø
þ f n : 2X → 2X �›�™�¯�b

�”�} n �U
Û�w
T
:�w�q�V�| f n �x�ˆ�ø
þ f −1 : 2X → 2X

�› −n �s�^�;�^�d�h�ˆ�ø
þ�›�™�¯�b�”�}

5.2 �â�”�«�æ�¿�Å���Ø	Í�w
$��

�7�‹���o�s�«�q�`�o�|�â�”�«�æ�¿�Å���Ø X 	Í�w���›

�ß�Q�”�} X 	Í�w���æ� �ˆ�w�s�b�Õ�«�Ä�ç�í���› V �q�`�|

(x, y) ∈ X × X �› y �T�’ x �•�w���æ� �ˆ x − y �t�ø�b�ø


þ�› sub : X × X → V �|�‡�h� �ˆ�w�‘�m�›�)�Q�”�ø
þ�›

len : V → R �p
¯�b�}

�Í�w
$�Ü�›�ß�Q�”

R(1)
len−1

// V(2)

sub−1

��
X(3)

π2
−1

// X × X(4)
π1 // X(5)

(4)

�\�•�x�Í�w�A
É�›�Ë�m
$�Ü (S ,S ′,M ) �›
¯�b�}

S = (S 1, · · · , S 5), S ′ = ∅,

S 1 = R, S 2 = V, S 3 = S 5 = X, S 4 = X × X

M = (len−1 : 2S 1 → 2S 2 , sub−1 : 2S 2 → 2S 4 ,

π2
−1 : 2S 3 → 2S 4 , π1 : 2S 4 → 2S 5 ).

�o�ø
þ�x −1 �p�˜�T�”�U�|	q�M�²�w�ˆ�ø
þ�x�i�w�ø
þ

�q�‰�a�G�ø�p
¯�^�•�”�}�«�Q�y (4) �w π1 �U π1 : S 4 → S 5

�p�x�s�X π1 : 2S 4 → 2S 5 �p�K�”�\�q�x�|�:
¢�p�K�”�\�q

�p�Ô�^�•�”�}

�M�‡�| T = {S 1, S 3} �q�`�o�|�f�w�…�Ø t �›

t(S 1) = {r}, t(S 3) = {p}

�p���[�b�”�}�\�\�p�| r �x
Y�w�î
:�| p �x�â�”�«�æ�¿�Å

���Ø X 	Í�w�:�q�b�”�}�‡�h�| s �› Γ(S ,S ′,M | t) �t��

�b�”�…�Ø�q�b�”�}�b�”�q�| (1) �‘�“

s(S 2) = len−1(s(S 1)) = len−1(t(S 1))

= len−1({r}) = {v ∈ V | len(v) = r},
s(S 4) = sub−1(s(S 2)) ∩ π2

−1(s(S 3))

= {(x, y) ∈ X × X | x − y ∈ s(S 2), y ∈ s(S 3)},
s(S 5) = {π1((x, y)) ∈ X | (x, y) ∈ s(S 4)}

= {x ∈ X | x − y ∈ s(S 2), y ∈ s(S 3)}

= {x ∈ X | len(x − p) = r}

�q�s�“�|�…�Ø s �x�ì
¶�t�>���^�• s(S 5) �x p �›�¤	ú�q

�b�”
R�� r �w��	*	Í�w�:�w	B�ù�p�K�”�}�\�w�‘�O�t�|

(S ,S ′,M ,T , t, S 5) �x��	*�›
¯�q�b�”�}

�‹�` t(S 3) = {p, q} �q�b�”�q�|�f�•�x�‰�a
R�� r �›�Ë

�j p �q q �›
R���q�b�” 2 �m�w��	*�›
¯�q�b�”�}�\�w�‘

�O�t�| S 3 �›���w�¤	ú�w�í���q�ß�Q�”�\�q�U�p�V�”�}�‡

�h�E�˜�“�t t(S 1) = {r, t} �q�b�•�y�|
R�� r �q t �w�‰	ú��

�›
¯�q�b�”�}


$�Ü�›

R × X(1)
((len ◦ π1)×π2)−1

// V × X(2)

(sub×π2)−1

��
X × X(3)

π1 // X(4)

�q�!�Q�| T = {S 1} �q�`�o t ∈ Γ(T ) �›

t(S 1) = {(r1, p1), (r2, p2), · · · } (5)

�p���[�b�•�y�|

s(S 2) = {(v, x) ∈ V × X | (len(v), x) ∈ t(S 1)},
s(S 3) = {(x, y) ∈ X × X | (x − y, y) ∈ s(S 2)},

s(S 4) = {x ∈ X | ∃y ∈ X, (len(x − y), y) ∈ t(S 1)},

�‘�“ s(S 4) �q�`�o (5) �w
R���q�¤	ú�w
Ê�p�¦���^�•�”��

�›�˜�”�}



�‹�O�°�m�w�«�q� �̀o�| X 	Í�w�Ú
¢�x�Í�w
$�Ü (S ,S ′,M )
�p
¯�q�^�•�”�}

V(1)
π1
−1

// V × R(2)

sub−1 ◦mult

��
X(3)

π2
−1

// X × X(4)
π1 // X(5)

(6)

�\�\�p�| mult : V ×R→ V �x�Õ�«�Ä�ç�›�µ�§�å�”
��b�”

�ø
þ�p�K�”�}
æ
ü���› T = {S 1, S 3} �q�`�|�f�w�…�Ø t �›

t(S 1) = {v}, t(S 3) = {p},

�p���[�b�”�}�\�\�p p �x�â�”�«�æ�¿�Å���Ø X 	Í�w�:�| v

�x V �w�Õ�«�Ä�ç�p�K�”�} s �› Γ(S ,S ′,M | t) �t���b�”

�…�Ø�q�b�”�q�| (1) �‘�“

s(S 2) = π1
−1({v}) = {(v, c) ∈ V × R | c ∈ R},

s(S 4) = sub−1(mult(s(S 2))) ∩ π2
−1({p})

= sub−1({cv ∈ V | c ∈ R}) ∩ π2
−1({p})

= {(x, p) ∈ X × X | ∃c ∈ R, x − p = cv},
s(S 5) = {x ∈ X | ∃c ∈ R, x − p = cv}

= {p + cv | c ∈ R}.

�p�K�”�T�’�|�…�Ø s �x�°�™�t�>�‡�“�| s(S 5) �x p �›�è�“

v �t���æ�s�²�V�›�‹�m�Ú
¢	Í�w�:�w	B�ù�p�K�”�}

�Ž	Í�w�«�w�‘�O�t�|
$�Ü�q�…�Ø�t�‘�”
¯�q�x�|�í���w

�,�Š�$�Ï���›�)�Q�”�ø
þ�›�i�t�|�x���w�Ó�æ�Û�Â�Ÿ�Ò�›

���[�b�”�\�q�s�X
$���›
¯�q�p�V�”�}

5.3 �6�<�$
¯�q

�Í�w
$�Ü�›�ß�Q�”�}

V(1)
π2
−1

// X × V (2)

add
?�

X(3)
id _? X(4)

π1
−1

OO
(7)

�\�\�p�| add : X × V → X �x�â�”�«�æ�¿�Å���Ø X �t�S�Z

�”���æ� �ˆ (x, w) 7→ x + w �p�K�”�}

T = {S 1, S 3} �› S �w
æ
ü���q�`�f�w�…�Ø t �›

t(S 1) = {v}, t(S 3) = {p}, (8)

�p���[�b�”�}�\�\�p p �x X 	Í�w�:�| v �x V �w�Õ�«�Ä�ç�p

�K�”�} s �› Γ(S ,S ′,M | t) �t���b�”�…�Ø�q�b�”�q�| (1),
(2) �‘�“

s(S 2) = {(x, w) | x ∈ s(S 4), w ∈ s(S 1)},
s(S 4) = {p} ∪ {x + w | (x, w) ∈ s(S 2)}

= {p} ∪ {x + w | x ∈ s(S 4), w ∈ s(S 1)} (9)

�›�˜�”�} (9) �‘�“�K�V�’�T�t

D = {p, p + v, p + 2v, p + 3v, · · · } ⊂ s(S 4)

�p�K�”�}�m�‡�“�| s(S 4) �x p �p�•�‡�“ v �c�m� �ˆ�`�h�s

���´�w�Á�v�x�w�:�w	B�ù D �›���‰�}�h�i�`�\�•�i�Z�p

�x�…�Ø�x�°�™�t�>���^�•�s�M�} v �t�‘�”���æ� �ˆ�p
Æ�!

�s
æ
ü	B�ù�p�K�•�y�?�p�‹�‘�M�w�p�|�«�Q�y s(S 4) = X

�p�‹	Ú�E (9) �x�¬�h�b�}

�\�•�›�°�™�t�b�”�h�Š�t�|�Í�w�Ë�J�›�–�;�b�”�}

�Ë�J 1. 	B�ù S 	Í�t��
: g : S → N �U���[�^�•�o�M�”�q

�`�| S n = g
−1(n) �q�`�o�Ú�™�w i ∈ N �t�m�M�o�Í�Ü�›�¬�h

�b�ø
þ η : 2S → 2S �›�ß�Q�”�}

η(S i) ⊂ S i+1, η(S ) =
∞∪

n=0

η(S n).

�\�w�q�V�|�‹�` S �U S = S 0 ∪ η(S ) �›�¬�h�b�s�’�y�|

S =
∞∪

n=0

ηn(S 0).

�U
R�“�q�m�}

	Â�Ì . n ∈ N, x ∈ S n+1 �q�b�”�} n , m �s�’ S n ∩ S m = ∅
�i�T�’�|

i) x < S 0

ii) m , n �s�’�y x < η(S m) ⊂ S m+1 , S n+1

�U
R�“�q�m�}	H�l�o

S = S 0 ∪ η(S ) = S 0 ∪
∞∪

n=0

η(S n).

�‘�“ x ∈ η(S n) �p�K�”�\�q�U�˜�T�”�}�‘�l�o S n+1 ⊂ η(S n)
�p�K�”�}�°�M�| η(S n) ⊂ S n+1 �‘�“ η(S n) = S n+1 �›�˜�”�}

	H�l�o�|

S n = η(S n−1) = η(η(S n−2)) = · · · = ηn(S 0)

�p�K�”�}�‘�l�o

S =
∞∪

n=0

S n.

�‘�“�Ë�J�U	Â�Ì�^�•�”�} �

�Ë�J 1 �›�–�O�h�Š�t
$�Ü (7) �›

V(1)
π2
−1

// X × V × N(2)

φ

?�

X × N(3)
id _? X × N(4)

π13
−1

OO

π1 // X(5)

(10)



�t�!�Ë�`�| φ : X × V × N→ X × N �›�Í�Ü�p���[�b�”�}

φ((x, w, k)) = (x + w, k + 1)

�‡�h (8) �p���[�^�•�h�…�Ø t �›

t(S 1) = {v}, t(S 3) = {(p, 0)}.

�t�!�Ë�b�”�}�b�”�q (9) �x

s(S 4) =s(S 3) ∪ φ(s(S 2))

={(p, 0)}∪
{(x + w, k + 1) | (x, k) ∈ s(S 4), w ∈ s(S 1)} (11)

�t�s�”�}�\�\�p g : s(S 4) → N �› g((x, k)) = k �p�| η :
2s(S 4) → 2s(S 4) �›

η(A) = {(x + w, k + 1) | (x, k) ∈ A, w ∈ s(S 1)}.

�p���[�b�”�q�| g �q η �x�Ë�J 1 �w	Ú�E�›�¬�h�b�}	H�l�o�|

(11) �q�Ë�J�‘�“

s(S 4) =
∞∪

n=0

η({(p, 0)})

= {(p, 0), (p + v, 1), (p + 2v, 2), (p + 3v, 3), · · · }

�›�˜�”�}�m�‡�“ Γ(S ,S ′,M | t) �x s(S 5) = D �›�¬�h�b

�…�Øs �w�ˆ�›���ˆ�| D �x (S ,S ′,M ,T , t, S 5) �p
¯�q�^

�•�”�}

�‡�h t(S 1) = {v,−v} �q�b�•�y

s(S 4) ={(p, 0)} ∪ {(x + v, k + 1) | (x, k) ∈ s(S 4)}

∪ {(x − v, k + 1) | (x, k) ∈ s(S 4)}

�q�s�“�|	H�l�o

s(S 5) = {· · · , p−3v, p−2v, p−v, p, p+v, p+2v, p+3v, · · · }.

�›�˜�”�}�^�’�t�|�‹�` t(S 1) = {v,−v, u,−u} �q�b�•�y�|�°
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5.4 �Š
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$�Ü (4) �q (10) �›
Ê�ˆ�ù�˜�d�h
$�Ü (S ,S ′,M ) �›�ß

�Q�”�•

V(1)
π2
−1

// X × V × N(2)

φ

?�

R(3)
len−1

// V(4)

sub−1

��
X × N(5)

id _? X × N(6)

π13
−1

OO

π1 // X(7)
π2
−1
// X × X(8)

π1 // X(9)

�\�w�O�j�|�(
R
ü�x (10) �q�‰�a�p�| S 7 �t�¨� 	Ý�w�:�w

	B�ù�›�)�Q�”�}�\�•�U�È
R
ü (4) �w���w�¤	ú�w�í���p�K

�”�}
æ
ü�� T = {S 1, S 3, S 5} �q�f�w�…�Ø

t(S 1) = {v,−v, u,−u}, t(S 3) = {r}, t(S 5) = {(p, 0)},

p
u

v

(a) (b) (c)
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u

v

u
p v
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�Ú
¢���}

�t�‘�l�o�| (S ,S ′,M ,T , t, S 9) �x
$ 3(b) �w�‘�O�s�¨� 

	Ý�t���•���w	B�ù�›
¯�q�b�”�}

�‰�7�t
$�Ü (S ,S ′,M )�•

V(1)
π2
−1

// X × V × N(2)

φ

?�

V(3)
π1
−1

// V × R(4)

sub−1 ◦mult

��
X × N(5)

id _? X × N(6)

π13
−1

OO

π1 // X(7)
π2
−1

// X × X(8)
π1 // X(9)
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æ
ü�� T = {S 1, S 3, S 5} �q�f�w�…�Ø

t(S 1) = {v,−v}, t(S 3) = {u}, t(S 5) = {(p, 0)}.

�›�¦���b�•�y�| (S ,S ′,M ,T , t, S 9) �x u �t���æ�p�:

{· · · , p − 3v, p − 2v, p − v, p, p + v, p + 2v, p + 3v, · · · }
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¯�q�b�”�}

5.5 
Ä�µ
¯�q�w
Ê�ˆ�ù�˜�d
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V(1)
π2
−1

// X × V (2)

add
��

X(3)

π1
−1

;;

X(4)

�Ú�™�wA ⊂ V �q B ⊂ X �›�q�l�o�| t(S 1) = A, t(S 3) = B �p

�K�”�‘�O�s
æ
ü
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(d) B �› A �t	H�l�o���‚�h	B�ù�}

�¨� �:�| B �t
$ 4(a) �w�‘�O�s�Ú�™�w
æ
ü	B�ù�›�q�”�q�|
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5.6 �-�‰

�Í�t�|�-�‰�›���‰�M�X�m�T�w�«�›	º�p�b�”�}

5.6.1 �Š	Ð

�×
µ
:�w�™�'	��ø
þ�› succ : N → N �p�|
u�›�)�Q�”

�ø
þ�› mult : N × N → N �p
¯�b�\�q�t�b�”�}�Í�w
$�Ü

(S ,S ′,M ) �›�ß�Q�”�}

N × N(1)
id _? N × N(2) φ� o

�\�\�p φ = (π1 ×mult) ◦ ((succ ◦ π1) × π2) �x

(n,m) 7→ (n + 1,m(n + 1))

�p���[�^�•�”�ø
þ�p�K�”�} T = {S 1} �q�`�o�f�w�…�Ø t �›

t(S 1) = {(0, 1)}

�p���[�b�”�} s �› Γ(S ,S ′,M | t) �t���‡�•�”�…�Ø�q�b

�”�q�|

s(S 2) = s(S 1) ∪ φ(s(S 2)) = {(0, 1)} ∪ φ(s(S 2)) (12)

�›�˜�”�}��
: g : N ×N→ N �› g((n,m)) = n �p���[�b�”

�q�| g �q φ �x�K�V�’�T�t�Ë�J 1 �w	Ú�E�›�¬�h�b�}	H�l�o

(12) �‘�“

s(S 2) =
∞∪

n=0

φ({(0, 1)})

= {(0, 1), (1, 1), (2, 2), (3, 6), · · · , (n, n!), · · · } (13)

�p�K�”�}

�`�h�U�l�o�| Γ(S ,S ′,M | t) �x s(S 1) = {(0, 1)} �q (13)
�p���[�^�•�”�…�Ø s �w�ˆ�›���ˆ�| (S ,S ′,M ,T , t, S 2)
�x�b�‚�o�w�×
µ
:�q�f�w�Š	Ð�w
Ê�w	B�ù�›
¯�q�b�”�}

�\�w
$�Ü�›	—�`�¦�Á�`�o

N × N(1)
id _? N × N(2) φ� o
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N(3)
π1
−1

// N × N(4)
π2 // N(5)

�q�b�”�q�| (S ,S ′,M ,T , t, S 3, S 5) �t�‘�l�o�×
µ
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þ�£�U
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5.6.2 �Ñ�Ÿ�Ø�Æ�¿�½
:

�Í�w
$�Ü (S ,S ′,M ) �›�ß�Q�”�}

N+ × N+(1)
id _? N+ × N+(2)

φ

� o

π1 // N+(3)

�\�\�p N+ �x
Y�w�×
µ
:�w	B�ù�| φ = π2×add�| add : N+×
N+ → N+ �x�C�O��
:�p�K�”�}	H�l�o φ((n,m)) = (m, n+m)
�U
R�“�q�m�} T = {S 1} �q� �̀o�f�w�…�Ø t �› t(S 1) = {(1, 1)}
�p���[�b�”�}�b�”�q�|�‹�` s ∈ Γ(S ,S ′,M | t) �s�’

s(S 2) = {(1, 1)} ∪ φ(s(S 2))

�U
R�“�q�m�}�‹�` (n,m) ∈ s(S 2) �U (1, 1) �q�Ÿ�s�•�y�|

(n,m) ∈ φ(s(S 2)) �p�K�“�|	H�l�o (m−n, n) �U s(S 2) �p�s�Z

�•�y�s�’�s�M�}�\�•�‹�‡�h (1, 1) �q�Ÿ�s�•�y (2n−m,m−n)
�U s(S 2) �t���‡�•�s�Z�•�y�s�’�s�M�}�\�•�›���“�&�`�o

�M�X�q�| 2 
R
ü�w�è�x
ž�c�n�“�| N+ �U
Y�w
:�`�T���‡

�s�M�\�q�T�’�|�7�™�t�x (1, 1) �t�s�”�\�q�U�˜�T�”�}�`

�h�U�l�o

s(S 2) =
∞∪

n=0

φ({(1, 1)}) = {(1, 1), (1, 2), (2, 3), (3, 5), · · · }

�p�K�“ s(S 3) = {1, 1, 2, 3, 5, 8, · · · }�|�b�s�˜�j�Ñ�Ÿ�Ø�Æ�¿

�½
:�w	B�ù�›�)�Q�”�}

5.6.3 �Ú�ï�Ã�ç�Ò�é	B�ù

�Í�w
$�Ü (S ,S ′,M ) �›�ß�Q�”�}

C × C × N(1)φ oO

π12 // C × C(2)
cmpl ◦ π1 // C(3)

C × C × N(4)

id

� _

C(5)

π2
−1

OO

�\�\�p C �x
ó
É
:
¶�.�w	B�ù�p�K�“�|�ø
þ φ �x

φ((c, z, k)) = (c, c + z2, k + 1)



�p���[�^�•�”�\�q�q�b�”�}
æ
ü�� T = {S 4, S 5} �w�…�Øt

�›

t(S 4) = {(c, 0, 0) ∈ C × C × N | c ∈ C},
t(S 5) = {z ∈ C | |z| > 2}

�p���[�b�”�} s �› Γ(S ,S ′,M | t) �t���‡�•�”�…�Ø�q�b

�”�q�|

s(S 1) = φ(s(S 1)) ∪ s(S 4)

= φ(s(S 1)) ∪ {(c, 0, 0) ∈ C × C × N | c ∈ C}.

�ø
þ g : s(S 1)→ N �› g((c, z, k)) = k �p���[�b�”�q�|�Ë

�J 1 �‘�“

s(S 1) =
∞∪

n=0

φ(s(S 4))

= {(c, zc
n, n) ∈ C × C × N | c ∈ C, n ∈ N}

�p�K�”�}�h�i�` zc
n �x zc

0 = 0�| zc
n+1 = (zc

n)2 + c �p���[�^

�•�”�}

	H�l�o�| Γ(S ,S ′,M | t) �x�Í�p���[�^�•�”�…�Ø s �w�ˆ

�›���‰�}

s(S 1) = {(c, zc
n, n) ∈ C × C × N | c ∈ C, n ∈ N},

s(S 2) = {(c, zc
n) ∈ C × C | c ∈ C, n ∈ N, |zc

n| > 2},
s(S 3) = {c ∈ C | @n ∈ N, |zc

n| > 2},

s(S 4) = {(c, 0, 0) | c ∈ C},
s(S 5) = {z ∈ C | |z| > 2}.

�Ú�ï�Ã�ç�Ò�é	B�ù�x zc
n �U n→ ∞ �w�q�V
C�„�`�s�M
ó


É
: c �w	B�ù�q���[�^�•�”�U�| zc
n �x�K�” n ∈ N �t�m�M�o

|zc
n| > 2 �w�q�V�|�‡�h�f�w�q�V�t�v�“
C�„�b�”�\�q�U�Œ
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6.1 �ø
þ�T�’
\
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���[ 6. M �›�ø
þ�w	B�ù�q�b�”�} M �p 
\
R�^�•�” �ø
þ

�w	B�ù ⟨M ⟩ �x�Í�w�‘�O�t���[�^�•�”�}

a) M �t���‡�•�”�ø
þ�| id�| ω�|�S�‘�|�ù�è πi �x ⟨M ⟩ �t
���‡�•�”�}

b) �ø
þ f : X → Y, g : Y → Z �U ⟨M ⟩ �t���‡�•�•�y�|�f

�w�ù
R g ◦ f : X → Z �‹ ⟨M ⟩ �t���‡�•�”�}

c) �ø
þ fi : X → Yi (i = 1, · · · , n) �U ⟨M ⟩ �t���‡�•�•�y�|

�f�w
u�ø
þ f1 × · · · × fn : X → Y1 × · · · × Yn �‹ ⟨M ⟩ �t

���‡�•�”�}

�Ú�™�w	B�ù X �q�f�w�i x �t�m�M�o��
:�ø
þ x : 1→ X

�U���[�^�•�|�\�w���º�p M �t���‰�\�q�U�p�V�”�\�q�t

�«�™�^�•�h�M�} M �U X �w�i x �b�‚�o�t�m�M�o x : 1→ X

�›���‰�q�V�| X ⊂M �q	{�X�}

���[ 7. M �›�ø
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a) f �U M �t���‡�•�”�T�| id�| ω�|�‡�h�x�ù�è πi �p�K�”

�q�V�x�| | f |M = 1�}

b) f �U ⟨M ⟩ �t���‡�•�”�ø
þ�w�ù
R�K�”�M�x
u�p���[�^

�•�”�q�V�x�| | f |M �x f �›
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| f |M = 1 + min
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f=g ◦ h
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u�p�)�Q�’�•�”�s�’

| f |M = 1 + min
f1,··· , fn∈⟨M ⟩
f= f1×···× fn

(| f1|M + · · · + | fn|M ).
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¯�q

�b�”
Ê�ˆ�ù�˜�d (S ,S ′,M ,T , t, X) �p�|

a) 
$�Ü (S ,S ′,M ) �U MS �t�‘�“
\
R�^�•�|

b) T �w�¤	B�ù�U P �t���‡�•�|

c) �¤ T ∈ T �t�m�M�o t(T ) �U�D���p�K�”

�‹�w�›�b�‚�o�ß�Q�”�} A �w MS �q P �t
ì�0�$�s	Ø�C�”

I(A |MS,P) �q�x�f�w�¤�t�S�Z�”�Í�Ü�w�7	–�‹�p�K�”�}∑
φ∈M
|φ|MS −

∑
T∈T

log2 PT (t(T ))

�\�w�è�U���v�t�s�”�‘�O�s
$�Ü�S�‘�|
æ
ü�…�Ø�U���O�`

�s�M	Ô�ù�x�| I(A |MS,P) = ∞ �q�b�”�}

X �×�.�U�¬�p�í���p X ∈P �p�K�”	Ô�ù�›�ß�Q�”�}�b

�”�q�|�×�Ì�s
¯�q�t�‘�l�o�Í�w	Í�„�U�˜�’�•�”�}

I(A |MS,P) ≤ − log2 PX(A).

�°
`�t T �t���‡�•�”	B�ù�x�Í�å�Ý�”�»�í���q�ß�Q�”

�\�q�U�p�V�”�}���[ 10 �x�|�Ã�”�»�¤�w�F��
Q�›�ž�ç�°

�æ�¶�Ü�$�t	��“���‰�°�M�p�|�³�ß�Ê�ï	Ø�C�”�w�‘�O�s�0

	Å�w�¬�p	B�‚�t�m�M�o�w	Ø�C�”�w���[�›�D�ó�t�b�”�}�m

�‡�“�|�¯�ç�Þ�°�é�Ñ
ó�v
Q�q�³�ß�Ê�ï	Ø�C�”�w���›�º
à

�b�”�}

� �̀T� �̀|�Š�Ø�p�x�Ž�<�|���v�w	Ø�C�›�Ë�m�x���w�0	Å�w

	Ø�C�”�t	B�¤�b�”�}�f�w�h�Š�|�\�•�Ž�ñ�x�| 1 	Í�w�¬�p��

�S P1 �› P1(∅) = 0, P1(1) = 1 �p���[� �̀o�| I(A |MS,P) �p

P = {1} �p�K�”�›	��s	Ô�ù�w�ˆ�›�{�O�}�m�‡�“�| T = {1}
�›�A�{�`�| s1(1) = 1 �p���[�^�•�” T �w�…�Øs1 �w�ˆ�›


æ
ü�…�Ø�q�`�o�–�O�}

���[ 11. 	Ø�C�-�” I(A |MS,P) �p P = {1} �q�{���`�h

�‹�w�›	Ø�C�-�” I(A |MS) �q�b�”�}

�«�Q�y�|���›
¯�q�b�”
$�Ü (4) �x�Í�w�‘�O�t�!�Ë�p

�V�”�}

1(1)
r // R(2)

len−1
// V(3)

sub−1

��
1(4)

p // X(5)
π2
−1

// X × X(6)
π1 // X(7)

(14)

��
: r ∈ R �q p ∈ X �x��
:�ø
þ r : 1 → R �q p : 1 → X

�p�”�V�õ�Q�”�\�q�U�p�V�”�}�\�w�‘�O�s	Ô�ù�t�x
$�Ü�¤

�w 1 �›	²�t�b�”�\�q�›�¥�M	Z�b�q�|�Ú
¢�›
¯�q�b�”
$�Ü

(6) �x�Í�w�‘�O�t�s�”�}

V(1)
π1
−1

//

v
��

V × R(2)

sub−1 ◦mult

��
X(3)

π2
−1

//

p
��

X × X(4)
π1 // X(5)

(15)

�\�w
$�Ü�x MS = {p, v, sub,mult} �t�‘�“
\
R�^�•�”�}�h

�i�`�|�ø
þ sub−1 ◦mult �x�Š�p�x ⟨MS⟩ �t���‡�•�s�M�}�`

�T�`�°
`�t�| φ : 2S → 2T �q ψ : 2T → 2U �U ⟨MS⟩ �t���‡
�•�”	Ô�ù�|	×�t S

ψ ◦φ // U �› S
φ // T

ψ // U �w

�t�G�O�q�ß�Q�”�\�q�t�b�”�}

�\�w�‘�O�t�|
$ 1 �•
$ 3 �t�Ô�`�h�‘�O�s
$���U���v

�w	Ø�C�›�Ë�m�‘�O�t�°
`�w	Ø�C�”�›���[�b�”�\�q�U�p�V

�”�}��	* C �w	Ø�C�”�x	Í�„ I(C |{r, p, len, sub}) ≤ 6�|�Ú


¢ L �w	Ø�C�”�x	Í�„ I(L |{p, v, sub,mult}) ≤ 7 �›�Ë�m�\�q

�U�| (14) �S�‘�| (15) �T�’�˜�T�”�}

�Ï���ø
þ�q�`�o�)�Q�”�ø
þ�q�`�o�x�|�f�w�í���S�‘�|

���È�b�”�í���›�›�Ã
Ç�Z�”�‹�w�x�b�‚�o�Ö�•�”�‚�V�p�K

�”�}�â�”�«�æ�¿�Å�í���w	Ô�ù�t�x�|�f�•�t�x len, sub,mult
�S�‘�|�b�‚�o�w�î
:�|�Õ�«�Ä�ç�|�â�”�«�æ�¿�Å�í��	Í�w

�:�s�r�w��
:��
:�U���‡�•�”�}	H�l�o�|�â�”�«�æ�¿�Å�í

���w
æ
ü	B�ù�w	Ø�C�”�›�-�”	Ô�ù�t�&�p�s�Ï���ø
þ�x	—

�s�X�q�‹

ME = {len, sub,mult} ∪ X ∪ V ∪ R

�›���‰�}

	Í	\�w���S�‘�|�Ú
¢�w	Ø�C�”�w	Í�„�x�\�•�t�‘�l�o�‹

�!�˜�’�c�| I(C |ME) ≤ 6, I(L |ME) ≤ 7 �p�K�”�}



�‡�h�|��
:�ø
þ�›�b�‚�o���œ�i�\�q�t�‘�“�|�Ú�™�w��

�v	B�ù A ⊂ X �t�m�M�o�|�f�w	Ø�C�”�x A �t���‡�•�”�:

�w
:�›	Í�„�t�Ë�m�\�q�‹�˜�T�”�}�s�e�s�’�|���v�x�w�:

�›�f�•�g�•�)�Q�”��
:�ø
þ�›�–�Q�y
¯�q�p�V�”�T�’�p�K

�”�}�‹�j�–�œ�|�f�w���v	B�ù�t�F��
Q�U�K�•�y�^�’�t	—

�s�M�ø
þ�p
¯�q�p�V�”�D�ó
Q�‹�K�”�}

7 �-�‰�w
¯�q
�Š
…�p�x�|�×
µ
:�›�›�Ã
Ç�Z�”�ø
þ�t�‘�l�o
\
R�^�•

�”
$�Ü�t�‘�l�o�|�½�á�”�æ�ï�¬�-�‰�U�D�ó�p�K�”�\�q�›

�Ô�b�}
$�Ü�t�‘�l�o�Ú
€�½�á�”�æ�ï�¬�Ú�³�ï�›�Ï
R�b�”

�\�q�‹�D�ó [6] �i�U�|�\�\�p�x�‘�“	Â�Ì�U���o�s�h�Š�|

�Ú�™�w�<�ò�$
æ
ü��
:�U
$�Ü�t�‘�l�o
¯�q�p�V�”�\�q�›

�Ô�b�}

7.1 �<�ò�$
æ
ü��
:

�‡�c�|�<�ò�$
æ
ü��
:�w
ª	j�$�s���[�›	\�‚�” [2]�}�G
�ø f (x) = ↑ �x�|
æ
ü��
: f �w�‹�U x �t�m�M�o���[�^�•�s

�M�\�q�›�™�¯�b�”�}�‡�h f (x) , ↑ �p
æ
ü��
: f �w�‹�U x

�t�m�M�o���[�^�•�”�\�q�›�™�¯�b�”�}

���[ 12. 
æ
ü��
: f1, · · · , fl : Nk ⇀ N �q g : Nl ⇀ N �T

�’�Í�Ü�p���[�^�•�”
æ
ü��
: h : Nk ⇀ N �›�^�”
â�^�›

�ù
R �q�M�O�}

h(n1, · · · , nk) =g(m1, · · · ,ml) mi = fi(n1, · · · , nk) , ↑, 1 ≤ i ≤ l

↑ �f�•�Ž�Ž�w�q�V .
(16)

���[ 13. 
æ
ü��
: f : Nk ⇀ N �q g : Nk+2 ⇀ N �T�’�Í�Ü

�p���[�^�•�”
æ
ü��
: h : Nk+1 ⇀ N �›�^�”
â�^�› �j�•

�<�ò�O �q�M�O�}

h(0, n1, · · · , nk) = f (n1, · · · , nk) (17)

h(m + 1, n1, · · · , nk) =g(p,m, n1, · · · , nk) p = h(m, n1, · · · , nk) , ↑
↑ �f�•�Ž�Ž�w�q�V .

(18)

���[ 14. 
æ
ü��
: f : Nk+1 ⇀ N �T�’�Í�Ü�p���[�^�•�”


æ
ü��
: g : Nk ⇀ N �›�^�”
â�^�› �7	–�= �q�M�O�}

g(n1, · · · , nk) =
y

f (x1, · · · , xn, y) = 0 �T�m ∀t < y �t�m�M�o

f (x1, · · · , xn, t) , ↑, f (x1, · · · , xn, t) , 0

↑ �f�w�‘�O�s y �U���O�`�s�M�q�V .

(19)

���[ 15. �,�Š��
:�q�x�|�m�W�w�M�c�•�T�›�M�O�}

i) �ù�è��
: πi : Nk → N,

ii) �™�'	���
: succ : N→ N, succ(n) = n + 1,

iii) �µ��
: zero : N→ N, zero(n) = 0.

���[ 16. �<�ò�$
æ
ü��
:�q�x�|�,�Š��
:�T�’	Z
C�`�o�|

�ù
R�|�j�•�<�ò�O�|�7	–�=�w
â�^�›���v�s�&�;�b�”�\�q

�t�‘�l�o�˜�’�•�”
æ
ü��
:�w�\�q�p�K�”�}

7.2 
$�Ü�t�‘�”�<�ò�$
æ
ü��
:�w
¯�q

�×
µ
:�›�›�Ã
Ç�Z�”��
:�w	B�ù�› MN = {0, succ} �p��

�[�b�”�}�\�\�p 0 : 1→ N �x 0(0) = 0 �p���[�^�•�”��
:

��
:�p�K�”�}

���[ 17. 
æ
ü��
: f : Nk ⇀ N �x�| A ⊂ Nk �t�0�`�o

φ f (A) = { f (n1, · · · , nk) | (n1, · · · , nk) ∈ A, f (n1, · · · , nk) , ↑}

�p���[�^�•�”�ˆ�ø
þ φ f : 2Nk → 2N �U���[ 5 �w�™�¯�p


$�Ü�p
¯�q�^�•�”�q�V�|�f�w
$�Ü�t�‘�l�o
¯�q�^�•�”�q

�M�O�}

���g 1. �Ú�™�w�<�ò�$
æ
ü��
:�x MN �p
\
R�^�•�”���v

�s
$�Ü�t�‘�l�o
¯�q�^�•�”�}

�U	[�$�g���T�’�|�Í�p���[�^�•�”�™�¯�p
u�q�D�õ�t
¯

�q�D�ó�p�K�”�\�q�›	Â�Ì�b�”�}

���[ 18. 
æ
ü��
: f : Nk ⇀ N �x�|�f�•�U
$�Ü�p
¯�q�^

�•�|�`�T�‹�Ú�™�w�ø
þ r : Nk → Nl �t�m�M�o

φ f×r(A) ={( f (n1, · · · , nk), r(n1, · · · , nk)) |
(n1, · · · , nk) ∈ A, f (n1, · · · , nk) , ↑} ⊂ N × Nl

�p���[�^�•�”�ˆ�ø
þ φ f×r : 2Nk → 2N×Nl
�‹
$�Ü�p
¯�q�^

�•�”�q�V�| 
u�q�D�õ�t 
$�Ü�p
¯�q�^�•�”�q�M�O�}

	Â�Ì . �Ú�™�w�<�ò�$
æ
ü��
:�U MN �p
\
R�^�•�”
$�Ü�t

�‘�l�o
u�q�D�õ�t
¯�q�^�•�”�\�q�›�Ô�b�}�ù�è πi : Nk →
N �x

Nk
πi // N

�p
¯�q�^�•�”�}�‡�h�Ú�™�w�ø
þ r : Nk → Nl �t�0�`�o

φπi×r �x

Nk
πi×r // N × Nl

�p
¯�q�^�•�”�}�‰�7�t�|�™�'	���
: succ : N → N �‹
u

�q�D�õ�t
$�Ü�p
¯�q�^�•�”�}��
:��
: zero : N→ N �x

N ω // 1
0 // N



�p
¯�q�^�•�”�}�‡�h�Ú�™�w�ø
þ r : N → Nl �t�0�`�o

φzero×r �x

N
(0 ◦ω)×r // N × Nl

�p
¯�q�^�•�”�}

�K�q�x�|�ù
R�|�j�•�<�ò�O�|�7	–�=�w
â�^�t�0� �b�”


$�Ü�w�^�“�M�›�Ž�<�w�¤�4�J�p�Ô�b�} �

�4�J 1 (�ù
R ). 
æ
ü��
: f1, · · · , fl : Nk ⇀ N �q g : Nl ⇀ N
�U MN �p
\
R�^�•�”
$�Ü�t�‘�l�o
u�q�D�õ�t
¯�q�^�•

�”�s�’�y�| (16) �p���[�^�•�”�f�•�’�w�ù
R h : Nk ⇀ N
�‹�‰�7�p�K�”�}

	Â�Ì . �>���T�’�| i = 1, · · · , l �t�m�M�o�ˆ�ø
þ φ fi×id :
2Nk → 2N×Nk

�x MN �p
\
R�^�•�”
$�Ü�t�‘�l�o
¯�q�^

�•�”�} MN �p
\
R�^�•�”�Í�w
$�Ü�›�ß�Q�”�}

Nk
(1)

φ f1×id //

φ fl×id

''

N × Nk
(21)

((π1 ◦ π1)×π2)−1

((

...

N × Nk
(2l) ((πl ◦ π1)×π2)−1

// Nl × Nk
(3)

π1

��
N(5) Nl

(4)φg
oo

�\�w
$�Ü�w�…�Ø�› s �q�b�”�q�|

s(S 2i ) = {( fi(x), x) | x ∈ s(S 1); fi(x) , ↑} , i = 1, · · · , l

s(S 3) = {(( f1(x), · · · , fl(x)), x) |
x ∈ s(S 1); f1(x) , ↑, · · · , fl(x) , ↑}

s(S 4) = {( f1(x), · · · , fl(x)) |

x ∈ s(S 1); f1(x) , ↑, · · · , fl(x) , ↑}
s(S 5) = {g( f1(x), · · · , fl(x)) | x ∈ s(S 1);

f1(x) , ↑, · · · , fl(x) , ↑, g( f1(x), · · · , fl(x)) , ↑}.

	H�l�o�| h �x�\�w
$�Ü�p
¯�q�^�•�”�}

�‰�7�t�|�Ú�™�w�ø
þ r : Nk → Nm �t�m�M�o�| φh×r �x�Í

�w
$�Ü�p
¯�q�^�•�”�}

Nk
φ f1×(id×r) //

φ fl×(id×r)

&&

N × Nk × Nm

((π1 ◦ π1)×π23)−1

((

...

N × Nk × Nm
((πl ◦ π1)×π23)−1

// Nl × Nk × Nm

π13

��
N × Nm Nl × Nm

φg×id
oo

�

�4�J 2 (�j�•�<�ò�O ). 
æ
ü��
: f : Nk ⇀ N �q g : Nk+2 ⇀

N �U MN �p
\
R�^�•�”
$�Ü�t�‘�l�o
u�q�D�õ�t
¯�q�^

�•�”�s�’�y�| (17) �q (18) �p���[�^�•�”�j�•�<�ò�O�t�‘�l

�o�f�•�’�T�’�˜�’�•�” h : Nk+1 ⇀ N �‹�‰�7�p�K�”�}

	Â�Ì . �Í�w
$�Ü�›�ß�Q�”�}

N × Nk
(1)

π23
−1

//

π2

��

N × N × Nk
(2)

π1 // N(3)

Nk
(4) φ f×0×id

_? N × N × Nk
(5)

id

OO

φg×(succ ◦ π2)×π3� o

�\�w
$�Ü�w�…�Ø�› s �q�b�”�q�|

s(S 4) = {x | (m, x) ∈ s(S 1)}
s(S 5) ={( f (x), 0, x) | (m, x) ∈ s(S 1), f (x) , ↑}∪

{(g(p,m, x),m + 1, x) | (p,m, x) ∈ s(S 5), g(p,m, x) , ↑}
={( f (x), 0, x), (g( f (x), 0, x), 1, x),

(g(g( f (x), 0, x), 1, x), 2, x), · · · | (m, x) ∈ s(S 1)}

={(h(i, x), i, x) | i = 0, 1, · · · ; (m, x) ∈ s(S 1)}
s(S 2) ={(h(m, x),m, x) | (m, x) ∈ s(S 1); h(m, x) , ↑}
s(S 3) ={h(m, x) | (m, x) ∈ s(S 1); h(m, x) , ↑}.

	H�l�o�| h �x�\�w
$�Ü�p
¯�q�^�•�”�}

�‰�7�t�|�Ú�™�w�ø
þ r : Nk → Nn �t�m�M�o�| φh×r �x�Í

�w
$�Ü�p
¯�q�^�•�”�}

N × Nk
π23
−1

//

π2

��

N × N × Nk × Nn
π14 // N × Nn

Nk
φ f×0×id

_?

π34
−1 ◦ (id×r)

55

N × N × Nk

π123
−1

OO

φg×(succ ◦ π2)×π3� o

�

�4�J 3 (�7	–�= ). 
æ
ü��
: f : Nk+1 ⇀ N �U MN �p
\
R

�^�•�”
$�Ü�t�‘�l�o
u�q�D�õ�t
¯�q�^�•�”�s�’�y�| (19)
�p���[�^�•�”�7	–�=�t�‘�l�o�˜�’�•�” h : Nk ⇀ N �‹�‰

�7�p�K�”�}

	Â�Ì . �Í�w
$�Ü�›�ß�Q�”�}

Nk
(1)

id×0

?�

Nk × N × N(2)

π1×(succ ◦ π2)
* 


N(3)

succ

O/
π3
−1

oo

succ ◦ 0

oO

Nk × N(4) φπ1×π2× f
// Nk × N × N(5)

id

OO

π23

��
N × N(6) π1

//
π2
−1 ◦ 0��

N(7)



Nk

φid×0×r

?�

Nk × N × N × Nn

π1×(succ ◦ π2)×π4
( �

N succ� o
π3
−1

oo

succ ◦ 0

oO

Nk × N × Nn
φπ1×π2×( f ◦ π12)×π4

// Nk × N × N × Nn

id

OO

π234 // N × N × Nn π13 //

π2
−1 ◦ 0

��
N × Nn


$ 5: �7	–�=�›
¯�q�b�”
$�Ü�}

�\�w
$�Ü�w�…�Ø�› s �q�b�”�q�|

s(S 3) ={t ∈ N | t , 0}
s(S 2) ={(x,m, t) | (x,m, t) ∈ s(S 5), t , 0}
s(S 4) ={(x, 0) | x ∈ s(S 1)} ∪ {(x,m + 1) | (x,m, t) ∈ s(S 2)}

={(x, 0) | x ∈ s(S 1)}∪

{(x,m + 1) | (x,m, t) ∈ s(S 5), t , 0}
s(S 5) ={(x,m, f (x,m)) | (x,m) ∈ s(S 4); f (x,m) , ↑}

={(x, 0, f (x, 0)) | x ∈ s(S 1); f (x, 0) , ↑}
∪ {(x,m + 1, f (x,m + 1)) |

∃t , 0, (x,m, t) ∈ s(S 5); f (x,m + 1) , ↑}
={(x,m, f (x,m)) | x ∈ s(S 1); m ∈ N, f (x,m) , ↑;

f (x, t) , ↑, f (x, t) , 0, t = 0, · · · ,m − 1}

s(S 6) ={(m, f (x,m)) | x ∈ s(S 1),m ∈ N, f (x,m) , ↑,
f (x,m) = 0; f (x, t) , ↑, f (x, t) , 0, t = 0, · · · ,m − 1}

s(S 7) ={m |m ∈ N, ∃x ∈ s(S 1), f (x,m) , ↑, f (x,m) = 0;

f (x, t) , ↑, f (x, t) , 0, t = 0, · · · ,m − 1}

�q�s�“�| h �x�\�w
$�Ü�p
¯�q�^�•�”�}

�‰�7�t�|�Ú�™�w�ø
þ r : Nk → Nn �t�m�M�o�| φh×r �x
$

5 �t�Ô�`�h
$�Ü�p
¯�q�^�•�”�} �

7.3 ���È�»�q�×
µ
:

�<�ò�$
æ
ü��
:�x N �t�‹�›�q�”��
:�p�K�”�U�|�¯�ç

�Þ�°�é�Ñ
ó�v
Q�q
²
…�p���[�`�h	Ø�C�-�”�›�Ú
€����

�n�Z�”�h�Š�t�|���È�»�w�,��
¯�q�›���[�b�”�}�Ž�<�x

2 = {0, 1} �w�i�w���v�»�p�K�”�Ì� �Æ�æ���È�»�w	Ô�ù�i

�Z�›�{�O�}�Ì� �Æ�æ���È�» σ ∈ 2∗ �› N × N �w
æ
ü	B�ù

σ̄ = {(i, σ[i]) | i = 0, 1, · · · , |σ| −1}∪ {(|σ|, 0), (|σ|, 1)} (20)

�p
¯�q�b�”�\�q�t�b�”�}�\�\�p |σ| �x σ �w�Õ�^�›�| σ[i]
�x�f�w i 
j�è�w���È�›
¯�b�}

�Ì� �Æ�æ���È�»�q�×
µ
:�w���t�Ž�<�w�‘�O�t�°�0�°�0

� �›�m�Z�”�}

2 ∋ σ ↔ Nσ =

|σ|−1∑
i=0

2iσ[i] + 2|σ| − 1 (21)

�m�‡�“�|�Í�w�‘�O�s�0� �t�s�”�¢ ϵ �x�Õ�^ 0 �w���È�»�£�•

ϵ ↔ 0, 0↔ 1, 1↔ 2, 00↔ 3,

10↔ 4, 01↔ 5, 11↔ 6, 000↔ 7,

100↔ 8, 010↔ 9, 110↔ 10, · · ·

�Ž�<�p�x (20) �w�‘�O�t N × N �w
æ
ü	B�ù�q�`�o
¯�q

�^�•�h�Ì� �Æ�æ���È�»�q�f�•�t (21) �p�0� �b�”�×
µ
:

�›
ì�“�t�!�õ�b�”�h�Š�w
$�Ü�›�)�Q�”�}

7.3.1 ���È�» → �×
µ
:

�‡�c�Í�w
$�Ü�›�ß�Q�”�}

N × N(1)
id _? N × N(2)

π1×(succ ◦ π2)
��

(0×id)−1
// N(3)

N × N(4)

((succ ◦ π1)×π2)−1

� _

(22)

�…�Øs �t�m�M�o

s(S 4) ={(n,m + 1) | (n,m) ∈ s(S 2)}
s(S 2) ={(n,m) | (n + 1,m) ∈ s(S 4)} ∪ s(S 1)

={(n,m) | (n + 1,m − 1) ∈ s(S 2)} ∪ s(S 1)

�‘�“�| (n,m) ∈ s(S 1) �s�’�y (n,m), (n−1,m+1), (n−2,m+
2), · · · , (0,m + n) ∈ s(S 2). �‘�l�o

s(S 3) ={s | (0, s) ∈ s(S 2)}

={n + m | (n,m) ∈ s(S 1)}

�q�s�“�| (22) �x�×
µ
:�w�C�O�›
¯�q�b�”�\�q�U�˜�T�”�}

�Ž�<�|�\�w
$�Ü�› add �q	{�M�o���w
$�Ü�w�°
æ�t�–�O�}

�Í�t

N × N(1)
id //

(succ×1)−1

��
(succ×0)−1

��

N × N(2)

N(3)
succ×1 _?

id×0
_? N × N(4)

id

OO

((succ ◦ π1)×π2)−1� o

(23)
�x�…�Ø s �t�m�M�o

s(S 3) ={n | (n, 0), (n, 1) ∈ s(S 1)}



s(S 4) ={(i, 0) | i = 0, · · · , n − 1; n ∈ s(S 3)}∪
{(i, 1) | i = 0, · · · , n; n ∈ s(S 3)}

s(S 2) =s(S 1) ∩ s(S 4)

�›�)�Q�”�}�‘�l�o�| (20) �w�‘�O�t�Ì� �Æ�æ���È�» σ �›
¯

�q�`�h�‹�w�› s(S 1) = σ̄ �q�b�”�q�|

s(S 2) = {(i, σ[i]) | i = 0, 1, · · · , |σ| − 1} ∪ {(|σ|, 1)}

�q�s�”�}
$�Ü (23) �w S 1 → S 2 �p
¯�^�•�”�ˆ�ø
þ�› φ �q

	{�X�\�q�t�b�”�}�Í�t

N × N(1)
π121 _? N × N × N(2)

(π12×0)−1
//

(π12×(succ ◦ π3))−1

��

N × N(3)

N × N × N(4)

π1×(add ◦ π22)×π3

� _

(24)

�x�…�Ø s �t�m�M�o

s(S 4) ={(n,m, k) | (n,m, k + 1) ∈ s(S 2)}
s(S 2) ={(n, 2m, k) | (n,m, k + 1) ∈ s(S 2)}∪

{(n,m, n) | (n,m) ∈ s(S 1)}
s(S 3) ={(n, 2nm) | (n,m) ∈ s(S 1)}

�›�)�Q�”�}
$�Ü (24) �w S 1 → S 3 �p
¯�^�•�”�ˆ�ø
þ�› ψ

�q	{�X�\�q�t�b�”�}

�7�™�t�|
$�Ü

N × N(1)

(π1×0)−1
//

(π1×1)−1
//

ψ ◦φ
��

N × N(2)
π2 // N(3)

N × N(4)
π12
−1

// N × N × N(5)
succ×add _? N × N(6)

π13
−1

oo

((succ ◦ π1)×
(succ ◦ π2))−1

gg

(0,0)
4�

(25)

�›�ß�Q�”�}

�…�Øs �t�m�M�o s(S 1) = σ̄ �U (20) �w�‘�O�t�Ì� �Æ�æ��

�È�» σ �›�,��
¯�q�`�h�‹�w�q�b�”�}

kn =

n−1∑
i=0

2iσ[i]

�q�S�X�q�|

s(S 4) ={(n, 2nσ[n]) | n = 0, 1, · · · , |σ| − 1} ∪ {(|σ|, 2|σ|)}
s(S 5) ={(n,m, k) | (n,m) ∈ s(S 4), (n, k) ∈ s(S 6)}
s(S 6) ={(n + 1,m + k) | (n,m, k) ∈ s(S 5)} ∪ {(0, 0)}

={(n, kn) | n = 0, · · · , |σ|} ∪ {(|σ| + 1, k|σ| + 2|σ|)}
s(S 2) ={(n,m)|(n + 1,m + 1)∈ s(S 6), (n, 0), (n, 1)∈ s(S 1)}

={(|σ|, k|σ| + 2|σ| − 1)}
s(S 4) ={k|σ| + 2|σ| − 1} = {Nσ}.

�q�s�“�|
$�Ü (25) �x�Ì� �Æ�æ���È�»�›�f�•�t�0� �b�”

�×
µ
:�t�!�õ�b�”�}

7.3.2 �×
µ
: → ���È�»

�o�t�|�Í�w
$�Ü�›�ß�Q�”�}

N(1)
succ×0×0 _? N × N × N(2)

π1×(succ ◦ π2)×π3//

π23
yy

(succ ◦ π1)×π3

yy

π23

��

π13

��

N × N × N(3)
((succ ◦ π1)×π23)−1

� �

N × N(4)

((succ ◦ π1)×π2)−1

��

N × N(5)

π1×0×
(succ ◦ π2)

� _

N(6)
π1
−1

oo

succ

O/

1

 j

N × N(7)

π2×1

W7

id _?

(0×id)−1

S3

N × N(8)

id

OO

N × N(9)

(0×id)−1

+ �

π2×0

?�

id� �

N(10) id×0
_? N × N(11)

(26)
�…�Ø�› s �q�`�o s(S 1) = {N} �q�b�”�q�|

s(S 2) ={(N + 1, 0, 0)}∪
{(n,m + 1, k) | (n + 1,m, k) ∈ s(S 2)}∪

{(n, 0, k + 1) | (n, k) ∈ s(S 5)}

�M�‡�| (n, 0, k) ∈ s(S 2) �q�`�o�|�H 3 
R
ü�U k �p�K�”�q

�\�–�i�Z�›�_�”�q

(n, 0, k), (n − 1, 1, k), · · · , (0, n, k) ∈ s(S 2)

�p�K�”�}�‹�` n �U�î
:�s�’�y (n/2, n/2, k) ∈ s(S 2) �s�w�p

(n/2, k) ∈ s(S 9)�|�-
:�s�’�y ((n−1)/2, (n+1)/2, k) ∈ s(S 2)
�‘�“ ((n + 1)/2, k) ∈ s(S 4), ((n − 1)/2, k) ∈ s(S 7) �m�‡�“�r

�j�’�t�`�o�‹ (⌊n/2⌋, k) ∈ s(S 8) �q�s�”�}�f�`�o ⌊n/2⌋ = 0
�p�s�M�v�“ (⌊n/2⌋, k) ∈ s(S 5)�| (⌊n/2⌋, 0, k + 1) ∈ s(S 2) �q

�s�”�} n �U�î
:�p (n/2, k) ∈ s(S 9) �s�’ (k, 0) ∈ s(S 11), �-


:�p ((n − 1)/2, k) ∈ s(S 7) �s�’ (k, 1) ∈ s(S 11) �q�s�”�}�\

�w�‘�O�t�|

x0 = N + 1,

xk =

⌊ xk−1

2

⌋
,

yk = xk − 2xk+1

�q���[�b�”�q

(0, y0), (1, y1), · · · , (M, yM) ∈ s(S 11)



�q�s�”�}�\�\�p M �x N + 1 < 2M+1 �q�s�”�7	–�w�×
µ
:

�p�K�”�}�‡�h n �w�î�-�t�‘�l�o s(S 7) �T s(S 9) �U (0,M)
�›���‰�T�’�| M ∈ s(S 10) �‘�l�o (M, 0) ∈ s(S 11).

�›�t (21) �t	H�l�o N = Nσ �s�’ M = |σ| �p�|
xk =

|σ|−1∑
i=k

2i−kσ[i] + 2|σ|−k,

yk = σ[k]

(k = 0, · · · , |σ| − 1)

 x|σ|+1 = 0

y|σ| = 1

�‘�“

(0, σ[0]), · · · , (|σ|−1, σ[|σ|−1]), (|σ|, 1), (|σ|, 0) ∈ s(S 11)

�p�K�“�| σ̄ = s(S 11) �q�s�“�|
$�Ü (26) �x�×
µ
:�›�f�•�t

�0� �b�”�Ì� �Æ�æ���È�»�w�F��
¯�q�t�!�õ�b�”�\�q�U�˜

�T�”�}

7.4 �¯�ç�Þ�°�é�Ñ
ó�v
Q�q�w����

�½�á�”�æ�ï�¬�-�‰�D�ó�s
æ
ü��
:�w�«�å�µ�x�|�<�ò�$


æ
ü��
:�w�«�å�µ�t�°�•�b�”�\�q�U�Œ�’�•�o�M�”�T�’�|

�Ž	Í�w�A�L�‘�“�|�Ú�™�w�½�á�”�æ�ï�¬�Ú�³�ï�›
$�Ü�p
¯

�q�p�V�”�\�q�U�˜�T�”�}�½�á�”�æ�ï�¬�Ú�³�ï�x�Ì� �Æ

�æ���È�»�T�’�Ì� �Æ�æ���È�»�•�w
æ
ü��
:�›���[�b�”�}

�Ž�<�|�f�w
æ
ü��
:�›�½�á�”�æ�ï�¬�Ú�³�ï�q�‰�a���È�p


¯�b�}

���g 2. �Ì� �Æ�æ�ž�ç�Ñ�•�Õ�¿�Ä�›�Ë�m�Ú�™�w�½�á�”�æ

�ï�¬�Ú�³�ï M �t�m�M�o�| MN �p
\
R�^�•�”���v�w
$�Ü

(S ,S ′,M ) �q S �t���b�”	B�ù S = N × N �S�‘�| T =

N×N �U���O�`�o�| M �w���[�b�”�Ì� �Æ�æ���È�»���w
æ


ü��
:�›�| (20) �p
¯�q�^�•�h���È�»���w�ˆ�ø
þ 2S → 2T

�q�`�o (S ,S ′,M , {1}, s1, S ,T ) �U
¯�q�b�”�}

	Â�Ì . 
²�ò�w�A�L�‘�“�|�Ì� �Æ�æ���È�»�q�×
µ
:�w���w

�°�0�°�0� �›�)�Q�”
Ò�M�²�w�ø
þ�›
¯�q�b�”�| MN �p
\


R�^�•�”���v�w
$�Ü�U���O�b�”�}�\�w�0� �t�‘�l�o M

�w���[�b�”�Ì� �Æ�æ���È�»���w
æ
ü��
:�T�’�˜�’�•�”�×


µ
:�T�’�×
µ
:�•�w
æ
ü��
:�x�<�ò�$
æ
ü��
:�i�T�’�|

���g 1 �‘�“�|�f�•�›
¯�q�b�” MN �p
\
R�^�•�”���v�w


$�Ü�U���O�b�”�} �

�\�•�T�’�|�H 6 
…�p���[�`�h	Ø�C�-�”�U�| MN �t
ì�0

�$�t���[�^�•�h�q�V�¯�ç�Þ�°�é�Ñ
ó�v
Q�q�‰�‹�p�K�”�\

�q�U�Í�w�‘�O�t�˜�T�”�}

���[ 19. �ª�ó�½�á�”�æ�ï�¬�Ú�³�ï U �t�m�M�o�w�Ì� �Æ

�æ���È�» σ �w�¯�ç�Þ�°�é�Ñ
ó�v
Q�x�Í�Ü�p���[�^�•�”�}

KU(σ) = min
p∈2∗,U(p)=σ

|p|.

���g 3. �Ì� �Æ�æ�ž�ç�Ñ�•�Õ�¿�Ä�›�Ë�m�Ú�™�w�ª�ó�½�á�”

�æ�ï�¬�Ú�³�ï U �t�m�M�o�|��
: cU ∈ N �U���O�`�|�Ú�™

�w�Ì� �Æ�æ���È�» σ �t�m�M�o�Í�Ü�›�¬�h�b�}

I(σ̄ |MN) ≤ 6KU(σ) + cU .

	Â�Ì . ���g 2 �‘�“�| U �›�¤�Û�á�è�”�Ä�b�” MN �p
\
R�^

�•�”���v�w
$�Ü (S ,S ′,M ) �U���O�b�”�}�‡�h�¯�ç�Þ�°

�é�Ñ
ó�v
Q�w���[�T�’�|�Ì� �Æ�æ���È�» p �p U(p) = σ �S

�‘�| |p| = KU(σ) �›�¬�h�b�‹�w�U���O�b�”�} S �t���b�”

	B�ù S = N×N �q T = N×N �U���O�`�| Γ(S ,S ′,M | s1)
�w�Ú�™�w�…�Øs �t�m�M�o s(S ) = p̄ �s�’ s(T ) = σ̄ �›�¬�h

�b�}�\�w
$�Ü�t

N(A,0)

0
��

succ // N(A,1)
succ // · · · succ // N(A,|p|)

�›�m�Z�h�`�| i = 0, 1, · · · , |p| − 1 �t�m�M�o S A,i �T�’�w�ø


þ�w�æ�V
Œ�› S �t�b�”�•

N(A,i)
id×p[i]

_? N × N

�\�\�p id × p[i] : N → N × N �x p[i] = 0 �s�’�ø
þ id × 0
�›�|�‡�h p[i] = 1 �s�’�ø
þ id × (succ ◦ 0) �›
¯�b�}�7�™

�t�| S A,|p| �T�’ S �•�w�ø
þ

N(A,|p|)
id×0 _?

id×1
_? N × N

�›
Ç�Z�
�b�}�b�”�q�|�\�O�`�o�p�V�h
$�Ü�w�…�Ø s �x

s(S ) = p̄�|�`�h�U�l�o s(T ) = σ̄ �›�¬�h�b�}

�Ž	Í�w
$�Ü�w
ÿ
ƒ�p�x�|���È�» p �w 1 ���È�]�q�t�ø
þ

succ �q id × p[i] �U
Ç�Z�C�Q�’�•�”�} succ �w�G�V�^�x 1�|

id × (succ ◦ 0) �w�G�V�^�x 5 �p�K�”�T�’�|
ÿ
ƒ�^�•�h
$

�Ü�w�G�V�^�x�7�G�p�‹ 6|p| + ��
: �p�K�”�}���È�» σ �t

�‘���b�”
æ
ü�x�\�\�p
ÿ
ƒ�^�•�h
æ
ü�i�Z�p�K�”�T�’�|

�\�w
$�Ü�w���O�U���g�w�Ü�›	Â�Ì�b�”�} �

8 
¯�q�w�-�‰
�o�t�|�Ì� �Æ�æ���È�» σ �t�m�M�o�| MN �p
\
R�^�•�”

���v�s
$�Ü�U σ̄ �›
¯�q�b�”�s�’�y�| σ �›	{�V	Z�`�o��

�­�b�”�ž�ç�°�æ�¶�Ü�U���O�b�”�}

X �›�Ò�”�ç�‹�!
:�|�m�‡�“ 2 = {0, 1} �t�‹�›�q�”�!
:�w

	B�ù�q�b�”�}�è	×�w�æ�g�G�ø ∧�¢ AND�£�q ∨�¢ OR�£�›�|

1 �U
��| 0 �U�P�›
¯�b�‹�w�q�`�o�–�O�} X �•�w
��g�‹�Â

�p�q�x�| X �w�¤�!
:�t 0 �T 1 �›�)�Q�”�ø
þ f : X → 2 �w



�\�q�p�K�”�}�m�‡�“ X �•�w
��g�‹�Â�p�x 2X �w�i�p�K�”�}

Y ⊂ X �s�’�| X �•�w
��g�‹�Â�p�› Y �t
M�v�b�”�\�q�t�‘

�”�×
µ�s�ø
þ 2X → 2Y �U���O�b�”�}�Ò�”�ç�‹�!
:�w	B

�ù X 	Í�w�æ�g	Ú�E χ �q�x�ø
þ χ : 2X → 2 �w�\�q�p�| X

�•�w
��g�‹�Â�p f ∈ 2X �U χ( f ) = 1 �›�¬�h�b�q�V�| f �x

χ �›�¬�h�b�q�M�O�} X 	Í�w�æ�g	Ú�E�w	B�ù C �t�m�M�o�|

X �•�w
��g�‹�Â�p f �U C �t���b�”�b�‚�o�w�æ�g	Ú�E�›

�¬�h�b�q�V�| f �x C �›�¬�h�b�q�M�O�}

���g 4. MN �p
\
R�^�•�”�Ú�™�w���v�s
$�Ü (S ,S ′,M )
�p�| (S , S ′, M , {1}, s1, S ) �U�K�”�Ì� �Æ�æ���È�» σ �t

�0� �b�”
æ
ü	B�ù σ̄ ⊂ S = N×N �›
¯�q�b�”�‹�w�›�Ö�—

�q�`�| σ �›	Z�—�`�o���­�b�”�ž�ç�°�æ�¶�Ü�U���O�b�”�}

	H�l�o�|�Ú�™�w�ª�ó�½�á�”�æ�ï�¬�Ú�³�ï U �t�m�M�o�|��


: dU , eU ∈ N �U���O�`�o�|�Ú�™�w�Ì� �Æ�æ���È�» σ ∈ 2∗

�t�m�M�o

KU(σ) ≤ dU I(σ̄ |MN) + eU

�›�¬�h�b�}

	Â�Ì . 	B�ù�� S �t���b�”�¤	B�ù T �w�¤�i t �t�m�M�o�|

�Ò�”�ç�‹�!
: xt �›���[�b�”�}�‡�h�| S �t���b�”�¤	B�ù

T �q�¤�ø
þ φ ∈ in(T ) �q�¤�i t ∈ T �t�m�M�o�|�Ò�”�ç�‹�!


: y
φ
t �›���[�b�”�}�\�•�’�w�!
:�w	B�ù�› X �q�b�”�}�!


: xt �x t �U�…�Ø�t���‡�•�”�T�r�O�T�›
¯�`�| y
φ
t �x t �U φ

�t�‘�”�…�Ø�w
þ�t���‡�•�”�T�r�O�T�›
¯�b�} X 	Í�w�æ�g

	Ú�E�w	B�ù C �›�| Γ(S ,S ′,M | s1) �º�w�…�Ø�q C �›�¬

�h�b X �•�w
��g�‹�Â�p�w���t�°�0�°�0� �U
R�q�b�”�‘

�O�t���[�b�”�}�f�w�h�Š�| C �t�x�Ž�<�w�‹�w�›�C�Q�”�}

i) �¤�ø
þ φ ∈M �t�m�M�o :

a) φ �U f : U → T �w�ˆ�ø
þ f : 2U → 2T �s�’�y�|

C �x�¤ t ∈ T \ f (U) �t�m�M�o�æ�g	Ú�E y
φ
t = 0 �›�|

�‡�h�¤ t ∈ f (U) �t�m�M�o�æ�g	Ú�E

y
φ
t =

∨
u∈ f −1(t)

xu.

�›���‰�}

b) φ �U f : T → U �w�o�ø
þ f −1 : 2U → 2T �s�’�y�|

C �x�¤ t ∈ T �t�m�M�o�æ�g	Ú�E

y
φ
t = x f (t)

�›���‰�}

ii) in(T ) , ∅ �›�¬�h�b S \S ′ �w�¤	B�ù T �q�¤�i t ∈ T

�t�m�M�o�| C �x�æ�g	Ú�E

xt =
∧

φ∈in(T )

y
φ
t .

�›���‰�}

iii) in(T ) , ∅ �›�¬�h�b S ′ �w�¤	B�ù T �q�¤�i t ∈ T �t

�m�M�o�| C �x�æ�g	Ú�E

xt =
∨

φ∈in(T )

y
φ
t .

�›���‰�}

iv) (S ,S ′,M , {1}, s1, S ) �t�q�•�” 1 �w�i 0 �t�0� �b�”

�!
: x0 �t�m�M�o�| C �x�æ�g	Ú�E x0 = 1 �›���‰�}

�Ž�<�w�:�t�«�™�b�”�•

• �¤�!
: x ∈ X �t�m�M�o�|�f�•�›�(�%�t�Ë�m�æ�g	Ú

�E�› C �x�¸�S�°�m���‰�}�\�•�›�›�t χx �q	{�X�\

�q�t�b�”�}

• C �t���b�”�æ�g	Ú�E�w�O�j�æ�g
u�x�b�‚�o���v�x

�w�!
:�w�f�•�t�s�l�o�M�”�}

• X �t���‡�•�”�!
:�x�D�‰�x�p�K�”�}�™�w�–�;�w�h�Š�|

X �t���‡�•�”�!
:�q�×
µ
:�w�°�0�°�0� ν : X → N
�›�{���b�”�}

X �•�w
��g�‹�Â�p g �t�m�M�o�|	B�ù�� S �w�…�Øsg �›�|

�¤ T ∈ S , t ∈ T �t�m�M�o

g(xt) = 1⇐⇒ t ∈ sg(T )

�q�b�”�\�q�p���[�b�”�}

�b�”�q�| sg �x g �U C �›�¬�h�b�q�V�|�‡�h�f�w�q�V�t

�v�“ Γ(S ,S ′,M | s1) �t���‡�•�”�\�q�U�|�Ž�<�w�‘�O�t

�˜�T�”�}

�‡�c�| g �U C �›�¬�h�b�q�>���b�”�}�‹�` T ∈ S \S ′

�s�’�y g(xt) =
∧
φ∈in(T ) g(yφt ) �p�K�“�|	H�l�o

t ∈ sg(T ) ⇔ g(xt) = 1 ⇔ ∀φ ∈ in(T ), g(yφt ) = 1 ⇔
∀φ ∈ in(T ), t ∈ φ(sg(dm(φ))) ⇔ t ∈

∩
φ∈in(T )

φ(sg(dm(φ)))

�p�K�“�|�…�Ø�w	Ú�E (1) �›�¬�h�b�}�‹�` T ∈ S ′ �s�’�y

g(xt) =
∨
φ∈in(T ) g(yφt ) �p�K�“�|

t ∈ sg(T ) ⇔ g(xt) = 1 ⇔ ∃φ ∈ in(T ), g(yφt ) = 1 ⇔
∃φ ∈ in(T ), t ∈ φ(sg(dm(φ))) ⇔ t ∈

∪
φ∈in(T )

φ(sg(dm(φ)))

�p�K�“�|�…�Ø�w	Ú�E (2) �›�¬�h�b�}�Ž	Í�q g(x0) = 1 �‘�“

sg ∈ Γ(S ,S ′,M | s1) �p�K�”�}

�o�t sg ∈ Γ(S ,S ′,M | s1) �w�q�V�|	Í�w�‰�‹�����›�o

�t�h�r�•�y g �U C �›�¬�h�b�\�q�U�˜�T�”�}

�×
µ
: i ∈ N �t�m�M�o X �w
æ
ü	B�ù Xi �›�Í�p���[

�b�”�}

X0 = {x0},



Xi+1 = Xi ∪ {x ∈ X | x �x Xi�t�‘�l�o�§
M�^�•�” }.

�\�\�p�|�!
: x ∈ X �U X �w
æ
ü	B�ù Y �t�‘�l�o�§
M�^

�•�”�q�x�| χx �w�È�%�U�æ�g�è�p�f�w�A
É�w	—�s�X�q�‹

�°�m�U Y �t���‡�•�”�T�| χx �w�È�%�U�æ�g
u�p�f�w�A
É

�w�b�‚�o�U Y �t���‡�•�”�\�q�›�™�¯�b�”�} X �•�w
��g

�‹�Â�p g �U C �›�¬�h�b�s�’�y g(x0) = 1 �p�K�“�|���[�t

�‘�“ Xi �t���‡�•�”�b�‚�o�w�!
: x �t�m�M�o g(x) = 1 �p

�K�”�}

X 	Í�w��
: τ �›�Í�w�‘�O�t���[�b�”�}

τ(x) =

i x ∈ Xi \ Xi−1�w�q�V

∞ �f�w�‘�O�s i �U�s�M	Ô�ù

�b�”�q�|�!
: x ∈ X �t�m�M�o χx �U x = ∧y j �w���w�q�V

�x�|�b�‚�o�w y j �U τ(y j) < τ(y) �›�¬�h�`�|	—�s�X�q�‹

�°�m�w y j �t�m�M�o τ(x) = τ(y j) + 1 �p�K�”�}�‡�h χx �U

x = ∨y j �w���w�q�V�x�| τ(x) = miny j τ(y j) + 1 �p�K�”�}

�Í�t�| τ �›�–�l�o X �•�w
��g�‹�Â�p h �›�Í�w�‘�O�t��

�[�b�”�}

h(x) = 1 ⇐⇒ τ(x) < ∞.

�b�”�q h �x C �›�¬�h�b�}

�\�•�›�Ô�b�h�Š�t�|�æ�g	Ú�E χ ∈ C �U h �t�¬�h�^�•�s

�M�q�>���b�”�}

i) �‹�` χ �U x = ∧y j �w���s�’�y�È�%�w y j �x���v�x�p�K

�“�| a) h(x) = 1 �T�m�K�” y j �t�m�M�o h(y j) = 0 �p�K

�”�T�|�‡�h�x b) h(x) = 0 �T�m�b�‚�o�w y j �t�m�M�o

h(y j) = 1 �p�K�”�}�`�T�` h �w���[�t�‘�l�o�\�•�’�x

�r�j�’�‹
Æ�D�ó�p�K�”�}�î�M�|�‹�`�K�” y j �t�m�M�o

h(y j) = 0 �s�’�y τ(y j) = ∞ �p�K�“�|	H�l�o τ(x) = ∞
�p�K�”�`�|�‹�`�b�‚�o�w y j �t�m�M�o τ(y j) < ∞ �s�’

�y τ(y j) �w�7�G�‹�› k �q�`�o y j �x�b�‚�o Xk �t���‡

�•�”�T�’�| τ(x) = k + 1 �p�K�”�}

ii) �‹�` χ �U x = ∨y j �w���s�’�y a) h(x) = 1 �T�m�b�‚�o

�w y j �t�m�M�o h(y j) = 0 �p�K�”�T�|�‡�h�x b) h(x) = 0
�T�m�K�” y j �t�m�M�o h(y j) = 1 �p�K�”�}�\�•�’�‹
Æ

�D�ó�p�K�”�}�‹�`�b�‚�o�w y j �t�m�M�o h(y j) = 0 �s

�’ τ(y j) = ∞ �‘�“ τ(x) = ∞ �p�K�”�`�|�‹�`�K�” y j �t

�m�M�o h(y j) = 1 �s�’ τ(y j) < ∞ �‘�“ τ(x) ≤ τ(y j)+ 1
�p�K�”�}

τ(x) < ∞ �›�¬�h�b�Ú�™�w x ∈ X �t�m�M�o�| Xτ(x) �w��

�v
æ
ü	B�ù Yx �›�Í�w�‘�O�t���[�b�”�}

x ∈ Yx,

y ∈ Yx, χy = “y = ∧y j” ⇒ ∀y j ∈ Yx,

y ∈ Yx, χy = “y = ∨y j” ⇒

arg min
y j

τ(y j)+1=τ(y)

ν(y j)

 ∈ Yx.

C �t�q�•�”�æ�g
u�x���v�x�w�!
:�t�m�M�o�w�‹�w�p�K

�”�h�Š�|�7�t Yx �º�t�K�”�!
: y �t�m�M�o�|�¤�ç�”�ç�x

�h�T�i�T���v�x�w�!
: y j �`�T Yx �t�C�Q�s�M�}�‡�h	ý�`

�X�C�Q�’�•�” y j �x τ(y j) < τ(y) �›�¬�h�b�}�\�•�x χy �U

y = ∨y j �w���w�q�V�x	Í�w�ç�”�ç�‘�“�|�‡�h y = ∧y j �w

���w�q�V�x τ �w���[�w�Ú�™�t	{�M�h�\�q�T�’�˜�T�”�}�Ž

	Í�T�’�| Yx �x���v�x�w�!
:�`�T���‡�s�M�}

���| Y i
x = Yx∩Xi �q	{�M�o y ∈ Y i

x �q�b�”�} χy �U y = ∨y j

�w���w�q�V�x y j �w�O�j�°�m�x Y i−1
x �t���‡�•�”�}�‡�h

y = ∧y j �w���w�q�V�x y j �w�b�‚�o�U Y i−1
x �t���‡�•�”�}�`

�h�U�l�o�| i = 1, · · · , τ(x) �t�m�M�o Y i
x �w�¤�!
:�x Y i−1

x �t

�‘�l�o�§
M�^�•�”�}

�Í�w�ž�ç�°�æ�¶�Ü�›�ß�Q�”�}

IsOne(x)
1 for each �¦�G�b�”���v�s Z ⊂ X, s. t. x0, x ∈ Z

2 Z0 ← {x0}
3 for i = 1, 2, · · ·
4 Zi ← Zi−1

5 for each z ∈ Z

6 z �U Zi−1 �t�§
M�^�•�”�s�’

z �› Zi �t�C�Q�”

7 until Zi = Zi−1

8 until �K�” i �t�m�M�o x ∈ Zi

1 �æ�è�t�S�M�o�x�|
æ
ü	B�ù Z �U�¦�G�`�| X �w�¤�!
:�U

�M�m�T�x Z �t���‡�•�”�‘�O�t�b�•�y�‘�M�U�|�é�.�$�t

�x Z = {x0, x} �T�’�x�a�Š�o�|�Ž�™ k �s�è�w�ç�”�Ó�p�x

ν−1(k) �›�C�Q�”�\�q�t�b�•�y�‘�M�}

�‡�c Zi ⊂ Xi �p�K�”�T�’�| IsOne(x) �U���v�µ�Â�¿�Ó�p

���­�b�”�s�’�y x ∈ Xi �p�K�“ τ(x) < ∞.
�o�t τ(x) < ∞ �q�b�”�} Yx �x���v�i�T�’�|�M�m�T�x 2

�æ�è�w�Ì�:�p Yx ⊂ Z �q�s�”�}�f�w�q�V�|�¤ i �t�m�M�o

Y i
x �w�¤�!
:�x Y i−1

x �t�‘�l�o�§
M�^�•�”�\�q�T�’ Y i
x ⊂ Zi

�p�K�“�|	H�l�o x ∈ Zτ(x) �‘�“ IsOne(x) �x���v�µ�Â�¿�Ó

�p���­�b�”�}

�^�o�| σ̄ ⊂ S = N × N �U (S , S ′, M , {1}, s1, S ) �p
¯

�q�^�•�”�T�’�| Γ(S ,S ′,M | s1) �t���b�”�Ú�™�w�…�Ø s

�x s(S ) = σ̄ �›�¬�h�b�}
��g�‹�Â�p h �x C �›�¬�h�b�T�’

sh(S ) = σ̄ �p�K�“�| sh �w���[�T�’ h �x�Ú�™�w t ∈ S �t�m

�M�o

h(xt) = 1 ⇐⇒ t ∈ σ̄

�›�¬�h�b�}�\�•�x�| (i, b) ∈ S �t�m�M�o�| (i, b) ∈ σ̄ �p�K�”

�q�V�|�‡�h�f�w�q�V�t�v�“ τ(x(i,b)) < ∞ �p�K�”�\�q�›�™



�¯�b�”�}

�Í�w�ž�ç�°�æ�¶�Ü�›�ß�Q�”�}

1 �Ö�—�• (S ,S ′,M , {1}, s1, S ) �›
Ö�ø�=�`�h�‹�w

2 ρ �›���È�»�!
:�q�`�í�»�p	s�8�=

3 for i = 0, 1, · · ·
4 IsOne(xt) �›

�Ó�é�·�µ 0: t = (i, 0)
�Ó�é�·�µ 1: t = (i, 1)

�‡�h i > 0 �w�q�V�x

�Ó�é�·�µ 2: t = (i − 1, 1 − ρ[i − 1])
�t�m�M�o���»�t�î�æ

5 until �Ó�é�·�µ�w�r�•�T�°�m�U���­�b�”

6 if i > 0 �p�Ó�é�·�µ 2 �U���­

7 then ρ[i − 1] �›�Ù�¿�Ó�`�o ρ �›�&�`���­

8 else if �Ó�é�·�µ���U���­

9 then ρ[i]← 0
10 else if �Ó�é�·�µ 1 �U���­

11 then ρ[i]← 1

i = 0, 1, · · · , |σ| − 1 �w�q�V�|�Ó�é�·�µ σ[i] �x���v�µ�Â�¿

�Ó�p���­�b�”�U���w�Ó�é�·�µ�x���­�`�s�M�} i = |σ| �w�q

�V�Ó�é�·�µ 0 �T�Ó�é�·�µ 1 �w�r�j�’�T�U
Œ�t���­�b�”�}

i = |σ| + 1 �w�q�V�|�Ó�é�·�µ 2 �i�Z�U���­�b�”�}�\�w�‘

�O�t�|�ž�ç�°�æ�¶�Ü�x	×�t���­�` σ �›�&�b�}

�7�™�t�| (S ,S ′,M ) �w�G�V�^�U I(σ̄ |MN) �p�K�”�q�b

�”�}�Ú�™�w�ª�ó�½�á�”�æ�ï�¬�Ú�³�ï U �t�m�M�o�| U �p

	Í�w�ž�ç�°�æ�¶�Ü�›�î�æ�b�•�y σ �›	Z�—�b�”�}�Ã�”�»

(S ,S ′,M , {1}, s1, S ) �x�Õ�^�U�h�T�i�T I(σ̄ |MN) �w��


:
��w���È�»�p
Ö�ø�=�p�V�”�T�’�| σ �t�‘���`�s�M��
:

dU , eU ∈ N �U���O�`�o

KU(σ) ≤ dU I(σ̄ |MN) + eU

�›�¬�h�b�} �

���g 3 �q���g 4 �T�’�| I(σ̄ |MN) �x�¯�ç�Þ�°�é�Ñ
ó�v


Q KU(σ) �q�‰�‹�p�K�”�q�M�Q�”�}

9 �‰�b�|
�Š�Ø�p�x�|�Í�»�”�ï�°
`�w�×�ˆ
C�_�›�è�¦�`�o�|�°
`

�t�Í�»�”�ï�q�x�?�T�›�ß�Q�|�Ú�™�w�í���º�p�f�w�í���t

�S�Z�”�F��
Q�K�”�M�x�Ï���›�F���b�”�ø
þ�t�‘�l�o�Ú
€

���[�^�•�h�|�-�‰�q	Ø�C�”�w�“�æ�t�m�M�o	º�p�`�h�}�›

�t�|	Ø�C�|�-�‰�|�ž�ç�°�æ�¶�Ü�q�M�l�h�“�æ�U
Ö�ø�=�^

�•�o�T�’�p�s�M�q���Ü�$�t���[�^�•�s�M�\�q�T�’�X�”�Ë

�m�w�ð�J�:�›�|�G�ø�»�•�w
Ö�ø�=�›
ž�c�`�‹
P�˜�s�M	Ø

�C�w
¯�q�›�–�O�\�q�t�‘�“��
ð�p�V�”�\�q�›�Ô�`�h�}

�H�°�w�ð�J�:�x
Ö�ø�=�w�×
µ�^�w�ð�J�p�K�”�}�\�•�x�|

�0	Å�›
Ö�ø�=�`�o�T�’�f�\�t�ž�ç�°�æ�¶�Ü�$�s�F��
Q�›

�s�b�q�|�F��
Q�w�,
Å�t�s�”�0	Å���w�����U
Ö�ø�=�^�•

�o�M�s�M�h�Š�t�0	Å�w�Ï���›�_�m�Z�’�•�s�M	Ô�ù�•�|�o

�t�|
Ö�ø�=�U�!�˜�•�y�™�¯�w�s�X�s�”�|
Ö�ø�=�T�’
\�a

�h�P�w�Ï���›�_�m�Z�o�`�‡�O�ð�J�p�K�”�}�Š�Ø�p	º�p�`

�h
¯�q�p�x�|�0	Å�w�Ë�m�F��
Q�w�,
Å�q�s�”�Ï���›�›�Ã


Ç�Z�”�ø
þ�w
Ê�›�¦���`�|�f�•�’�t�‘�l�o�Ú
€�-�‰�›��

�[�b�”�\�q�t�‘�“�|�0	Å�w�í���t�K�”�Ï���›�
�Q�|�‡�h


Ö�ø�=�T�’
\�a�”�P�w�F��
Q�›
†�Z�”�\�q�U�p�V�”�}

�H�Ë�w�ð�J�:�x�|
Ö�ø�=�t�‘�“	Ø�C�w�Ø�Ä�ç�É�¿�«�U


\�a�|�¨	Å�$�s�è�Õ�ç�p�‹�G�ø�»
¶�.�w	B�ù�‘�“�G�V

�s	B�ù�U�{�Q�s�M�ð�J�p�K�”�}�A�L�q�`�o���v�w	Ø�C�›

�Ë�m�0	Å�p�K�l�o�‹�|�f�w�‘�O�s�G�V�s	B�ù�t�’�Š���‡

�•�o�M�”	Ô�ù�x�|�ž�ç�°�æ�¶�Ü�t�‘�”�y	V�U
Ö�ø�=�™�t

�`�T���[�^�•�s�Z�•�y���[�b�”�\�q�U�p�V�s�M�U�|
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