I»71gx?T

t'$

Abstract: @CJITpx|"A="eh@CqqiwH,w° 0Aw

P@Cx$76geAcC8ceU”A 2009
Technical Report on Information-Based Induction Sciences
2009 (IBIS2009)

—1Go@-%q° 0Aw@C-” *

|bs”jO g

=xU™pK"qre}ot|° 0At°Ar"FCw ex|Os=pV"0Aw
T.ov “olfwe“pw ™M HEmM} T |0OAWT. UGV Xs q|fwT
t28°0&;D6s@C"ew [UE Xs"}i¢Ap ""e"GgwH,>m
c0@CtmMoRQ"q| t<Og=wU™QwOe+|°0AWF QqOowF
QW/AE sswdJIU\c”}SBpx|° ti»"igx?2T>BQ"qVic\c
"\e'wdJI>Ro |[°mwrtq o|U™wi °pfwi tSZ”F Q>F

b gpt'loU€ [*h|-%q@C "W “eetmMo°pb”}

Keywords: | »

1 xaSt

y/$i»"iYYtSMo|f‘xhpsrA”»
tmMowUot,nMo|rw‘Ot_Q”>AUr
WOt "AeoM"TqMOPAG> f-"|fe
> mZ \qpi»”iYY>Tq oVh} T
hpedcT' M A$si»"i>_mz'Oqb
"qf*wUoxv’ e|fexE Xs”}fwh
S| wUotT’ ctx"$tbAg>~"° U
[Ulfe|;sT6UZENe0M"}

T TAY"»16xAU0wmMh;ew-
AYi-> mz" Os<wp|AUOwe+"xsbh
Ul;sfwcw|mt“PAgx pf-~+"}

°M|fO$sbPA¢>EhsM »Ca”"8cE,
Aw'OsMOpx|PAg>G\b”hSw qU
O sMh&t|i w O>YY |16b"\qU
PVsM} wtMMsbey|sce' Twi»"iw

O>_mZo«|fesidYAai«t " bMOU
sMwp|SUStfwi»"iwi watr'ti
»”"i>sbgMO‘Os\qUpVsM}

SApx|fw Osi > b\qwpV"® q_
>°pb”}thfet‘lo|i»”igx?pK”
T>pV”izZ° 't [b"\g>¥%""}

i»"iYYpx|K'Tas U! b"0Aw
> W "wW'Oscw>i»”igzeepM”imt
“1f'U_mZhMOAwx «q|feT’f'U
UostZa h«wwi.g o|/pgi»”iq
MOt?>—IoM”} T é.$t2<l0E’s

*'h.¢ 381 ®@I»"IYYWYEV™
TEy0¢qGT GTA3UAUxpINZED
;I"VUZ . Ey0¢66a66EE-w>

CITUlGH
1. Email: hfs@ieee.org,

T ,31Ge,BC", €+-% .

Mi»"i>x"$tC_b"hStx]|i»"iqgx
?2pK"TgMO° $Tml $s,jUzApK
"I\pxfw'Os,jtmMoRBRQo"hM}
i»”iwS0xai“sUsO0ApK”"}m$“|K
"0AU&T%UT M,r|fwoAotxi»"
iU Ob”}Ge»wOu>RQ"q|fwd tz
"0 ¢b°éNO6VQK"MxZ¢c°aeU@C”
[4,5,7,8,12,13] wyMG@»txi»”iU Ob”
qRQ"\qUpV”"imt“|lyMOé-aUp{V
Zb\qUDG6sGa»,ri»"i>EmgMO\q
pK"Wwz Az> U="hwU MDL (Minimum
Description Length) jg [9,10] pK”} MDL px|A”
»WPAc>T6b"hSt|fesEmweeitiz
00g=¢oi "AH"}tcA"»owF Q>b
b"\qt'loyV H°weelq | “W/EF

QxHEweaiq ofwifA”»q 0Em}\
cEmweaeiwdOrwu-UyM, r|H wee liw
yVwhSt—IhF Q|bs”jpAcU‘“‘M
qRQ"}

Go»iZpsX|<lgq° WOAtmMMO0O% 7s
\qURQ’*"i-OT}S@px|i»"iYYw
0ApK”gqiwH,>|@Cw :T'° tPAg¢
=>'0gb”0Out\c”’~3JtmMoU | |f
e'wr>t2Zhge$ U=>%""}

2 Og=wv,

MDL px|A"»UGg»psMOutc|Gg»
t'"0Aw&psOo=U Ob"qRQ|fw ™ x
Gg»tmMow "a&e> S"}TM| MDL tv’



C-%;JMx|fwge$©utSMo|m,K"M
XGBA"»|bs"ji¢Ap re"@Cw™>0
Ag 0oC2 0Vh}-%:JftSZ"+GgA”
»W{Mx|T0>Ge»tOg="0T'|%4&a" &
T~-%t7<-%He0OgMOwpK”}

-Tt]° wtMc“WOAW H>RQ"qVx|
xusO@=Ul(pK”"\qU M}«Qya’”«
ecA giw Tiz>{00sOu| vxw
O:w22g 0 ~ >0@=b”wx0>pK”"}
th\w [x| vwt?p{V b\qUpV"q
MO™™p vpK"N\w'OtxpusOg=w |
U vpK"Oux|E“t w vs [>—lo«
gelifw)xAlpv’}Ogw et vw« @
ComzZ”"iZw\qiT pK”"}

\WU™QwhS[Og=xTXU™pK” Ot{
“eoVh}th|BCtmMo "txGg»wfe
tmMo syGUpK"qgMOWU |-%0;JTw{
gmwoaepK”" Otc¥™e"}

‘T |Z<tec” Ot|[\wodatxMXmT
3JUK”}

21 xpusOg=
tc|Og=xSptU™pxsM} ¢b°éN6
vQw [x.|Gg» wO U-%t‘lo
VG\pV % < tmMow "™ SEm}Ga»w
Go»t"U™Mw®Oa=TThs"jGa»T.w
BuwU™w”VaQse hOu|pufipw ¢
peéNovQxiw ¢hb°éNovQQg?2w <«
EhsM}cj—e[\w'OsOuxOg=Uxup
sMwpdJtresMU|ottQy|Oa=qgx?
"TW™ pxpupK"2AUK"qMO\gqpK”}
b"'q|Os=UxppK”gxrOMO\qTqM
OYBU\C”"}F Q>—loyVDépK”,ri
»"H>EmgMOwU\W\pwraepK”}Og=>
pozc°aefUt'loyVb"\g>RQ"q|
xusOo=qx|O@=b"2w0At°Ob"F
QUOB=™t?'Twzc°aeTUt'loyvD6
SF Qt< A+ Os<wpK"qRQ’+"}
mi“|F $sT > EmOAxfw'OsGan»t
Og=resMq|fwWGo»WOVQLt'loiw0
AwovQ> "\gxpVsM}
3JIx|fw'OsOg=UxtDOopK"qMO-
ExsM\qpK”}«Qyla”"«eae¢ Al wis
fw22pOg="hqgb”"}b"q|fwOapK”
E»x|:t‘loYs"U™Mw"w@C>Ej~"}
«Qy|U™MwWA”»>]1 £ea E»t o]|7st

®0. >mZo 2 —:q¥Qy|\+>22tEm:
X[IWA”»iZW@C>Em\qts”} T \
exa'«ae Al wigiox™ UsM}
\exOp@=t‘lo6vQUYCb"«iU|ot
n"Ou<«<K”}«Qy| *p w> 10 2%  of
w:E> 1;] 2;| 3;q9qtgloeV|fes x 2
agb”Av:i»  (3,0),(14,0),(159,0),(2653,0),--- >
RQ"N\ex ¢hP°éNOVQPRQey|]Avx
W pK"t<TT"’c vW@C">EmU]|\.
<tha’«eae s Al p™M WK”F Qgx¥~e
SMN\wW'OtOg=U!"ey™ WwsXs”F
Qq|fOpsMF Q>a b"2AUK"}
\e'w«T "T" Ot|a"«ee A D> R?
Q% °t 01:> E»q sbhwxKt“xusO
F=pxsMN\W'Ot|E<tRQhOg=t"l
0|0AqfwOawovQU°eb”gqxv’'sM}
th|0A%ew U|Og%ew gq o™
>Em Ot|0AiZpsX0A% ew <«O@=
b"\qUZApPK”"}«Qyla"«a A Tiw
>0Atb”q o|rt22qR pOw@="hq
b"\w 3 mwi:tx|fe’U >"bgMOQ@
CX FesM}«Qy|MXmTw >®p‘XyV
b"h&St|fe’UE OM"qMO\q>—Q" T
CesM}'T'| >aG22gR pOg="h
iZpx| 2mw U€b"gMO“a&x\asM}
Og=s>é& hz¢°aefU@BC"wgae>10rS
“t1Z ey|OAw fe”i tmMow@EVYx|
se’'Twz¢c°aefUUOgiZ>_oyVt-Q”
‘Ot|b,00@="esZeys’'sM}IMtx|
fw'OtOg=rh@CxAB>E” U{Mh
O6-80t' 1047 «"T'3IxsMwiU|
«Qy MDLw‘Os° &>x&a'Oqb’q|Og
=w™ t[\w'Os0A w |K"Mx0Aw
b"i wQiw‘Os<cwwOg=%p S"\q
UZApK”"}iM| MDL x®jg q<zy+"q
S“l t U$s°"@qMO‘“x|] Uw-$
*23pAU>f-b"Mw)Tw Os<wpK”}
TGOA’»T W6t 'lox"$tl ~I»”
i> mZ'\g>BQ"qV| MDL w U$sel
xptghsM}

22 vsOg=

<c0O°mwdlx|*“¢MOA>RQ"qV]| v
sOg=>_mZ"\qU EsOuUUK”qMO:p
K"}«Qy$ 1 w'OsF $s$ x|AvBu
pK"t<TT ' c|Ud$t vWBC TEhS



e

MQ¥~+"}%4a" & [14] x-%D6:qMO
® VS@CH>EmT:"wBU> [ThU|% 7t]
a’«ae¢Ai wlow® VW@BCH>Em$
> [pV"i—OT}

«Qy:|U¢| " | |s‘|$ qfwOe
=>»e hgb”q|fw'Os [xAvt 7s
$ > [b"2AUK” Ot¥~«"}bs"j
vpxsM}r't|[fw Ot [*«h$ wBU
XTi®\\t»e " hcw gMOiZw\gpK
® vW@C>Em$ gMOt?2txUotiQ
"ZIw™ TxsXs'® VW@ C>Ems$
[pVhgMOhStx@$ qfw®@C™> *

t ['sZeys'sM}

°t|0Og=>&"0 [*+"@BC "W aeX|
fwf.> vwMOpOe=pV"0AwBLUlIitS
Mow™ ™ H>Em}ses’|< Opg=w [x.
UAvw@C">Emq|Og=x.tU™Mw"w@C
> %\qUpV "hS|[fw™Mw@C w [txl
$™ UsXs”T'pK”}

FC”w [0 ¢cP°éNO6VQ>—-0qb
"qfexOg=22tx™ HSEhsMwp|fc
—sXQq«® VW@C>Em$ "wTo> %Bu
»O@=b"2AUK "} \p®$ HT00p=
b"\q>RQ"}feUpVey|Osw@BC"U
vs$ iZ>qlo® vw@C>Em$ gb”
\qUpV"} T |«QYyA Bug o®&a"«
@Al wlfowaeuBu >gqlhgb q|fw
fowi>O@=b"\qUpVsM\gx|iS>R
Qeyr”}

i»"TYY>x"=b"hSt MDL w*Os\q
»BQ'Oqgb"gVia”ddw mx|[f\pRQ
hMOAWBUOUSGpPpK”"\qpK”"}fci»"i
YYwWOApK"gqiwH,xSR|T:<>xaSq
b"2/Eé-<t'l10G\Ae"}th|fex'y
YIPMKTMXMXmTw: «wWEpxsX|«Q
yhpw'Ot :p "eh*“|K"Mxfw> s
Ouqg o|K”i waeiBug o ~e"}

™t "O® VW@C>EmS$ wBuUx

$1: VBC>Emqg¥~+"$

— DX B — DR
S S %3
L i
MEILRY D 555 /R R AN LE 5
V2= R BN JTALL
2 & B 51t
i i
$2: ¢C(£EO0@B=t""BAGCE(« .CE£tGag-

%ot "yVi'l0BACE: «>12"}

[DOpK"} T |O@=U [pV"WUfe>

% <1qGVsBUpK hSt|F\UBAGE ¢
«tslo|7stGeg»tO@=b"MOpx [p
VsM¢$ 2 (E}\w'Ot|-%UGa»wip’
T [*+sMhSt|@C”U [b"\gb'pV
sMOUU Ob”}

23 Opg=~22%

Wpliw OsYdU\a"+i¢ AUgOwr
\UgMwTImzt“|[iwa’«ae¢A Gwepx
tD% Avxwi:e|VtASWOMfw BuUs
rudJO |feUOB=pVsM\g>8Jt oM
"Ulfees\qt™ UK"wWTqMOY38pK”}

\w'Os\g>BQ"g x| §2.1 p<\,hU|
i‘'sM@Cw O|S‘|ZAs@CwOa>A—
tZ"hSpK”l«Qvya'«e¢A @iwUe¢
T¢cAUcOp{Ogb"q|rpSsrwSRZAw
SM »$si&Y"»>BE€Eb"2ZAUK”}U ¢{
gm [b"t<|gY$sUC>Y “[feT 'w
i)C\e< »$sIAY"»pK"Ewc“WhE
qgb"sr|AAx " A$PAcxZApK”}th]|
UtYt ceihEw»UxtU¢qYVY~regxv
"'sM}\e’SRi+1wdJ>| [weOeT’

t hMwpK™}

Av>{O\gqtmMo|K$“/|b”"zZAxsM}
°tAvwOA>Y “ofweT'K""A$Qi>
Emw> “Zbwx|otPAg>~"°a ta
WsM}TMt{O\qwpV"0Axxt vpK*|
-,"Wx APAcwa T ferrw Sprw’
Ot"Zb"TqMO\qQiZpK "} xte Mc*
wOoA>pPAc="'0qb”q|i\w'Os »$
sfT&Y"»Ufxt Xs”}7.q°0° “ob
Ac=b"hSt|xaST'UAb"wpsX|D6
sv ' As$seOcpbPAcg="|TMtSZ"fe



w vAStSZ"304é"3aiqumb"\qU
3APK”"}
a"«ae¢A2?27>rs$t{0OqVt«Ob”2
2%w'Ot|Og=+UAxTMwé.$0A>{0
OutxzApK”OuU MU|{O0AWSi$Q
iw [Xx|A—fet' "sM«wt hMgMO
\gpK”}fwhSt|z¢°aefU@C "w'*°
"$s [whStx|-%ow“a>"APAc t
"AdTZAUKTCS 2 Ef}
3 1> Qh@Cq

Ziw'0sdJIx|@C> USt{OMOUGSH
»ewOg=>p hcw TsM\qtl¥b”}f
\pSPpx|Ga».wOg=>P"sM@BCw
> [10@=>ercUE-%oBCw a> [
b"}

tc|-%oK"Mx2¢°eefUw"ae>GoZZw

®H, t¢["<wqg o]
G\t »RQ"}fw'Ost x|0” " gMOS
RiGg$s«w>G\b"\q>e$g 0S“|-
%oWAL>TGo$0AtSED"t gMQ"}\e
x|OewOé-4aU0t t|:|U¢|
w|O" t3hb"MXmTwOaUAYO>CQh
cWqRQ"\qUpPV "} IiMwO" G\t >—
"A="0|0&UAYOxhp Giw:ei:f
waws>{Q"«w|mit“AvAS>EmcwqRQ
"Nw'ot|exwOé-4Ut t?2’TW®H

, ar0aeUAYO>CQhcwx|«QYyE:$-
%o "wgae [3] «|]T:w %>0axUAYOt h-
% "wgee [I] srpZ€~rs0M”}

T |fw'Ost >—lhqg o]|fet’l
03hD6s$ >«Qy® VW@ C>Em$ q
[Co«<]| §22 p\,h*Ot|[M-M-sO&U
AYO>CQo [Ubvtseys”, r|fwZg
caefUp [*+"$ WBUX®\\t»e h«
wtaWsMgqMOo>OesM}° t| [tJ
Ob”AEU M,r|fw° QtmMow T~ —x
Xs"}

f\p|SBpx<lq° $s0Aw g>Fxt
—sSMAE>—lo [b"\w gx0Awi >
>ACZ"gpwBl>! “o|feti0O$t [
Ne"Imit“|ipMOOa&UAYOW Oscw>
Z&T’')Qo|fsti0$t [Ae”wp|iw
‘Os!At »)Q"Y»t w'Os @>Em}

T i.w [>_eyi-ts”gS*|\wg
bwBUXOt®H, >a”b”iZpxsX|f\

Postscript w*OsO””

Bézier A¢s

t b"0A w ><G\b"}fwh&|fex
UMmwzc°aeTUs> gb"\qizpsX|M U
w'Ot|0A w tmMowUELt"” [><
Dotbh"}\ext|OaxUAYOCVOE-aUt
t” U=UOutA|mMOM"£-%oWT%S‘
|-% "w“aeqxim h|i$s0Aw q>D6
th”}«Qyfex|tD% Avxw »0¢é-uq
rb"\qwWpV"0A>0>t qpV"}-% K
"Mxzc°a@TUxdJ>rXMOqg ow ™ {
OVh} T \\px|@C>°"t [b"tKh
“loOA w > gb"<wqg'ozc¢°a=TU>
QoM"} aew"$ Bx|*x“22%w'0Os
«<wg o [T'Um~*e”}

SOw “wW“AxZ<weé“pK"}@C qg>i
P [ h™MMXmTw«>H
s—1h° 0Aw@C">H 6 ..p [b"}H
qH 8 ...px|xu:>>ACZ"gpwBUutio$
t [fehgV|[\w qU%4a"a&ei--%gK”

5..p°p |\

7 ..

™  p%<<pK"\q|f ofwqV 6..p[h

BC"U ch°éN6VQq%<pK"\q>Ob}

4 $UQq..@t""I»"iw q

S...px|¥%&a"@i—-%> % ° WOA>|Z
c «Go»tOo=b"\qsX:1$t qb”}
\¢t‘10|]0Aw°0$Qigq ow@C> “°
"t [b"\qUDG6ts"}

Z<| Nxxp:T.wBuU| R x7:7.wBuU>

“"b}thBu 0,1} > 2 p 7" ]O0”"¢ex 1>
g'o 2wip "b}
41 “A
Y-s [w2t|tc\w qw"“A>\,"}
411 |, q
0A>"gb"gqMlo<|fextcEg$t?’
TwWMOp q”¢)Q’'ssZeys’'sM}\\p
x|0OAxK"BuwaiBuqg 0)Q’'+"q>
"J\w'Os g>\\px , q gqz°}
«Qyhpx|hp @ XcR?qiwi CwUuw
@UBO IcXxC p|UuRlewle T XxC - X

t'lo X g°0°0 UmX«wqRQ’'*"}%

hl £Geg» s5s=s055 X Nx{0,1}) wee i B

uf{@@s)li=0,---,n} qBQ"\qUPV"}eeex
8 |upsrwiug$su.x|K""A=weéOg

tSMo| 3lia"«eae¢Ai E3 quiwi
wUuweae iBuqRQ"\qUpV”"}la.wZ$S

M



" E3welBu> X|u.t b”: xeX waiu
mx)e M pK”q o] {(x,m(x)) e E3xM|xe X} p
fwid.> qb”}

, gxI¢AUgOe Ensrw\A"»w™
q> %| us q w A=pK’}us qwQiw
“mx|F QUK”"TsSMTt'lo qU(EA.
sM\gqpK”"}«Qy|T¢AUs Ot ey|E
Thp<txtF $shp<% 7t qb"\qUp
(A

\¢t0 0|0AWF Q>b;b” g>|\\
px As™q gze}hpw«pMQy|\exD «A
¢-aNYe«puw'Os<wp| gb”0AUF
$pKeyK”, r|l—sMA”»pG\b”"\qUp
V"}

MDL tSMox|Og=wH°waiUAs q]
HEweaeiUpus gqqRQ"\qUpV”}Gvit
Mlo| iPa"»0é-a4UtKh"wUAs q]
A"»tKh”wUps qq<BQ’ "}

S@p°pb” gwOAsQiw°mx|Asq
qus g>tM “[fe'w wa “Ssx t
qpV'gMO\gpK"}

412 1 agp

, gqp g”*h0At°Ob”F Q>G\b
"hSw ®q o|fwOAUauBuqg o t-
"i >>ACZ"@p>-0}

gpt'”i w>AnZqgx|Z<w‘Os™ p
K"}f‘XM-M—sBU>BQ"U|m.tBuq
"ORQey|fes>ACZ"<cwxfwBUWAS
"TsM}«QyY|E:$1 |«i|'m|q,*]|
O«Aci g owl >Atbey|t t°0
°gpU Ob"qgMO ™ p R x RZ g% aBup

KU}

\e'wi xgpt'lo>ACZ"\qUpV
"1« Qy|‘mT x 2: wm>)Q"'mg
bt'lo>ACZ'+"}q,l x 2 AE x,y>)

Q'«0| x<ywqViZ «>&b0"¢«¢ :t
‘lo [~e"}

Emwi |«Qyiw R gR? x|fwl >-
b"°0°gpU O sM\qT’'|Ys"qRQ’
*"}«Qylq,l pMQy]| XqYUfeg-g
b precy : XXX -2 gprec, :YxXY —-2t'lo |
nergsEmQVIK”°0°gh f:X5YUU
™wi abeX tmMo precy(a,b) = precy(f(a), f(B))
>-hdy| XqY x\wl tmMo%ai qRQ
P

\w Otl >>ACZ"Q|3>Z<|
z+}i weeuBUwWF Qqx|l gpt‘lo
)Q'+"1 tmMOIO$tF ~e"<wpK”}

T sp q

413 $Uqfw..@

MXmTwBuqfe'w wgptaelButee

UBU>)Q"@pEWE> $Uqz-}
X<ofiy< iz

X ok A

e

§ ,_'A

W

$UwoBUtfweldBU>)Q")QM>|fw$
Uw..@qze} w«px]|..@ s XxBu X, Y,ZW
wfeget] sX)ycX,s(\YcY,sZ)cZzZ, s(WycWw
»)Q"}

. Ox|$U>TRb"apgw tmMowK”
UEEC™Z (I)2)£>-h~AsZeys'sM}fwU
EwhS|$U°w°sewButw &iBu>)Q”
®lU..@! b"izZpl..@T.U°mt>$"T|
K'Mx|fweeid..@wYT.w!ApK”'Os...
BUMVA"\qUK"}iw«pMQy| s(Z) >>
S"iZp|UET “w s(X), s(Y), s(W) U>%lo
“$0qT|T0o>1'sXoc« s(X) x> Ne7q
TMO\qpK"}

Mi|$Uqfweeid...d
j°m S >} "hqV|
0St)Q'«"=uUBU

t|[fo$UwBuUwWO
t WIApK”...@ st'l
S(S)CS Ue™t> Ao

"gb"N\wqV| s(S) t'lo, qp g~
"0Ax|$U|eei..0 t|Ba S w! t'lo™
q7+"qMO}

«Qyliw«ws$Uq| HZ)iZ>)Q"el..D
tqIBU X >!' “hgb"qV|< s(Z) = 1(Z)
pK”*OsU™w..@ s|mf“ twlA s U|xt
sX)=AcX>-hbqV|[\e w! wEt‘lo
AU, TqpK"0AUg”eh\qgts”}
$UwWgpx|RQoM”i wi gpq|fs’
wUusORt‘lor «"gptv’\qth”}
rwi gp>—OTU| gqtKhloR€tO+0
M”T 5F b”}
$Uqfw...@t"" gx|iw'Os>A>Em}
i) A. $Ut'1o0OTWEmMF Q> q |a&el
Bt 10 TAY "> b\t |
i wi gfet,nMhF Q> Qh qg>
D6tb"}

ii) P "44”Q . gw°aU wOoA>"q oM
"qRQ”"\gqUpV]ot'“GVs0A>0A



wE u"dgq oxputTqpV”}E"u"d
Mx|os”éBuezeéai>q”’\qT’|S
U$|6<$s«wipDb6pK”}

i) SUQ. [&Y"»i q<RQ " il..0>
w$Up gb"\qt'“|SU$s quUD
0pK”}

iv) 6<Q. 6<$t [*+hl >"gb"\qU
pVvV"}

v) €¢Q . xt, "qqw > So gb”h
S|-UiAY«pu> Sh@C>0Aw qw®
®q o0Em}

7™t|$0q.. Bt 10" ap> qb”"\q«
pPV"\q>CZCQoSX}i\ heliBuw q
x|[iBu>fweldButu” " gpqRQe-y|”
gpw qw> sOUqRQ"\qUpV”}>t]
UM™MwY%a aei~-%> qDOpK”}

4.2 [
itlip“A>\,h$Uqfw...@s> [b"}

421 $0q..0w [

vBU>|fWAEwWX:t‘lo 1 =1{0,2 =
0,1},---,n =1{0,1,--- ,n -1} W 'Ot "b}i\w
‘Ot]»t 2x0>P| 1> g 00"¢c<wBuU
< "b}Bu X weliBufowBu¢"BUu£E>
2X pT"b}BU 1T'Bu Xewgpp| 0Oel>
xeX tu"<w>%a E x:1>X p "b}\e
> i@pqgze}

[ 1. 4EBU # t'l04ECZ’'+hBU0 >

& =(Sdier qb”"}BuU S W...@Ds gqx F t°l
04ECZ’+hBU (S)icr PlTOW i€.Z tm
Mo s;cS;>-hb«cwpK”}

But b"BuwOjtxBug o% a<wU
6: fe"\q<K“O"\gq>I-tb”hSt4
EBut‘lo ["hU|Z<px|\W4EBUXx

pVvTiZ-"c] SeSw'OsBuaesGo>—;
b”}Bu S =(S)ies t T+"BuU S=8 ey
q.L W...0s=(8)iesr tmMMo| s(S) xs; > "b}
\w'Ot|...Oo s x . weBu S tfwaeuBu

5(8)»>)Q"}

Bl . w..@b,owBus> I(¥)p "b}M
17> Ywel ¢t Tcp{V bEgb"qV|

T wW..0> S wel..0qqze} s> S w...0q"

o|\e> Tt te"uBuU SeTt s(5)>)Q

" T wW..09gBQh«w> sW.T e
wMvqgze}

T wW...@8ttmMo|
£ g°eb"<wwB U
p{V b}

[ 2. BU 7= Deslfwed 7| ¢ 25 -
2T(S,Te YW wagpw M = (p))jey W~ME
(&, ) >$UgMON\\p Z, 7 X4EBUp
K"}

(&, H)>$0qb”} ['“|op
0:25 52T (S, Te ) w iU|
»)Q7ep>

slz p{V |

S W..0pT tMv hqgV
se (A)slg =1 > T(S|D)

pwe M X
pt0 o\w S, T

dm: A - &
cdm: A# — .7
gb”"}mzt*
@ - 20m(6) _, gedmie)
UR“gm}th|ep
out=dm™' ;.7 — 27
in=cdm™ ;. — 27
> [b"}mt“|b,ow SestmMo
out(S) = {p € A |dm(p) = S}
in(S) = {p € A |cdm(p) = S}

pK"}
[ 3. $U0 (A, 7, #) w..Dqx|Bl S W...0
splinS)#0 pK”*OsU™Mw Se.” tmMol

U>-hb«wpK”}

Ses\S sy sS)= ) esdm@) 1)
pein(S)

Ses sty s$)= | esamy). @)
@ein(s)

$0 (7,7, . #) w x|Bu St t+"B
uwOj...8U (1) psX (2)>»-hb,VBuwsb
el pK"}mi“|[fwButSMo...0w)Q"
@uBuU|Oub"gpt'”...0wpweBupK
"TzeéaelipK’T>>S"}

$U (A, M) w..Bb,owBU> I(L,. )
p{V b}th]| Tc S| tel(I)tmMo|

s, #4\0H=r<s>,#)Nr. |t

N, H\0x$0 (S, S, M)
J tMvb"q tt°eb

q [b"im%|
w..8wOj| & weael
"«wwBuUpK"}



422 $UqQ..Q0w«
Ziw [>«pObhS|Bu

S ={LXY,Z W}

S‘|fweel

2 p

S ={W}qBu Wwi w|f o

M ={w, o, ,1,0,k}
>BQ"I\\pogpxfege

w:21—>2W, ¢:2Y—>2X,

5:2% - 2%

W22 - 2Y,

n:2% -2 k2% 2%,

w'OsgppK”}i\w Ot]|
0% a Ep :gp> "b}\e'p [re"$
U (S, ) >| Z<w Ot{V b}

Wwi wtmM

X1y oo
' " 3)

itu:¢tsloM”"wx|"Bu wgpt¢ g
bEPK"\q> bhSpK”"}«Qy]|
elBuUu> XwelButgpb”}

SOpx..@x 1txxt 1fwcw>)Q"}f

XY wan

\p\ws$uUtsz” ww'Ot|$Uspx 1 x2
t7] cepxOubitw p "b}fwpx
{w} pK™}

A€>mzh4Ex€°whSpK”}Z<]| op

xxt] S; xfwgV€° oM”"$Uap @ wmM
hBU> "b}HIo|«Qy 3 wsUtmMoé
"oMTgVitx| Sy xBu X>™™ §,xY>»™
b

UtwEztx|Oew'lhcwg McwwE
"K"}eed St b’ButO”iix MEz
sEm}iw«px S;=W pfOsloM”}

\W$Uw...0 stmMo|«Qy

in(X) = {g, 4},

dm(p) =Y,
s(X) = @(s(Y)) N 6(s(W)),
s(W) = k(s(X)) U {w}

srUR“qm}

423 $Uqg..@t"q
$Uqfweaed..@x|iw™ p0oA>"gb”}

[ 4. (7,7, #)>%$0| X>Bu St b"B
ul 7> S wel ,t> T w...08qgb"}K"0
AU, “qp XweaeiuBu At'lo grteoM
"gb " \wqV]|< (LS M)t U
™w... @ tmMo s(X)=A UR“qj|thfw"
Os s U—sXqg<«<°m Ob”s’y|[\w0Ax

(S S M, T, 1,X) t'10q " qMO}

K" X| Z|tU O o (&S M,T,t,X) UOA

> gb"qV|fw0Ax$U (S, S, M) t' 1o
gq"+"qMO}
. qx| S =S"=T =X}, #=0,(X)=A q

b” xIs™q q%°'b"\qt'“|$Uqfwae
U..gt" qw> sOuqRQ”"\qUpV"}
$Uqeed.. gt “|"ap>iwOt gb”
\qgUpV"}

[ 5. (A7 ,.4)>$0] X,Y>Bu Stbh”

Bu| > Y weael gb”"}th t> T w..0p|X

wU™MwaiBUlAtmMo s(X)=A>-hb..@ s¢

I, #)t) U Ob” ' Os<wqb”} @p

0:2X 52V x| (S, ', 4 )t b"b,ow.. D

s Us(Y) =@(s(X)) >~hbqV| (A9, M,T,1,XY)

t‘lo qr*"gMO}
K” X,Y,7,tU O o

2X »2Y 5 7gb qV|fw

‘lo"g”*"qMO}

(S S M T 1XY) Ug:
¢ x$U (A, ) t

5 «
S.px$Uq..a8t" " qw«> MXmTOb}

5.1 [0G o

Wp|Z<p-OMXmTw“aeqGe>tqSo
[b"}

i) UMwBUOX tmMo]| id: X — X x X IwAs
gp>|] w:X—>1xXT' 1ewgp> b}4
Bugp cmpl:2¥ -2X x AcX tmMo

cmpl(A) = A =X\ A.
p ["e"}
i) 6:wgp fi:X->Y(@=1,---,n) wugh

X Xfr: X>YX---XY,

(fi XX f) () = (1), -+, fu(X)



p [*"}eb
U)Q'=hqV]

f:X>Yq:6p z:1-Z
fQQzow:X—>Zwughp

fX(zow): X >YXZ
>A"\qUpV'U|\wgpr2t o
fXz: X>YXZ

g<{X}° t| X—->Ywwghg 1-Zw
w@gp>ugpg o U hG@>%7t-0}

iii) BowUu X; xXox---xX, t0 0|@p
T XXX XXX, = X;

XijéewRUswuUue> bluewugptm
M o x JTiXﬂjIXIX"‘XXn—)XiXXj>ﬂijpl
T X7 X > Tijk p_bSI’WZt >—O}

iv) gp f: X >YtmMo|%aGagp Bu w

gp f:25¥ -2V 5T b}\ex AcXtmMo
fA) ={fx)[xeA}cY p [""}
v) gp f: X—>YtmMo|op>)Q"@p '

252X x AcY tmMo fYA) = (xe X|f(x) e
Afc X p [**"}th yeYtmMo fl(y
x f'yh >™ b "\qaqb"}

vi) gp f:X—=>XtmMo| fOxid>™|
T:wqV f"xX f>ns™;*d"agp>|K”
Mxiv) tHlofw gp fri2X 52X, m™mTp
"} nUO0WT:wqV| f"x"gp f1:2¥-2X
> —-ns™;"dh"gp>™ b"}

nUyY

52 a'«ae A giws

7< 0s«q ola’«®¢A @ X iw >
RQ”"} Xiw & "wsbO«Acgi » Vaq'l
Ly eXxX>yT' xew & ~ x—ytobg

b> sub: XxX - V]|th "w'm>)Q"gp>
len: V>R p b}
iwsU>RQ”

ésub’] (4)
o v Fa)
X(3) = XX X(4) > X(s)

\exIWAE>EmS$U (L, ., M) > b}
S =(1,-,8s), S =0,

Si=R, §,=V,85:;=8s=X, S4=XxX

M =(len” 1250 5252 qub! 252 — 254,

w285 525 g 28 255).

ogpx “'p T U|gM2w gpxiwgp
g%aGap "*"}«Qy @ wm Um:S4— S5
pxsX m:25 =2% pK"\gx|:¢pK”\q
pO~er}

M| 9 ={51.S3} g o|fw..@ >

1S ={r, «S3) ={p}

p [b"I\\p] FXYWT:|
@ Xiw:gb”}th]|
b"..@qb"}b"q|

p xa"«ae¢ A
s> IS, S, M| t
(1) *

5(S2) =len™'(s(S1)) = len”" ((S 1))
=len"'({r}) = {v € V|len®) = r},
5(S4) = sub™' (s(52)) N 72~ (s(S3))
={(r,y) € XX X|x—y € 5(S2),y € 5(S3)},

{

s(Ss) = {m((x,y) € X|(x,y) € s(S4)}
{xeX|x-yes(S2).y€s(53)}
{

x e X|len(x - p) =r}

gs“|...d s xift> N s(S5) x prrlq
b”R rw *Tw:wBUpK”IN\w'Ot|
(S S M T 1,55 x *> qb"}

< 1(S3) ={p.q) ab"q|fex% aR
i Pag>R gb” 2 mw *> gb"}\w'
Ot| S3> wodwi qRQ”"\qUpV"}t
hE~“t #S,)=1{nf} qbey|R
> gb”}

$0>

r>E
rqtw%U

>V X X(z)

((len o 7y )xm2)

R x X(l) :
(subxm,)~!

v
X X X(3) T > X(4)

q!'Q| I ={Si}q'o0 tel(9)>

1S 1) ={(1, p1), (12, p2), -+ -} (@)
p [bey]
s(S2) ={(v,x) € VxX|(en(v), x) € t(S1)},

5(S3) = {(x,y) e X X X|(x =y, y) € s(S2)},
5(S4) ={x € X|%y € X, (len(x — y), y) € 1(S1)},

>™")

s(S4) "0 (5) WR grUGWEp] "e”



<0°mw«qg o] XiwUexiwsU (&7, %)
p gne"}
ﬂ,]
V(l) =V X,R(Z)
- sub™ o mult (6)

1 Y
X(3) L > X X X(4) L > X(5)

\\pl mult:VxR—>Vx(~)«Ag)u§én bn
gppK”}el > T ={5§,83} g |fw..@ 1>

1S ={v}), 1S3 ={p}

p [b"}\\p pxa'«eecA @ Xiw:| v
x VwO«AcpK”} s> I, 7, #|t)t b”
..@qb"q| (1) **

s(82) = m ™ ({o)) = {(1,0) € VX R|c € R,

5(S4) = sub™! (mult(s(S2))) N>~ ({p})
=sub”'(fcv e VIc e R nm ' ({p)
= {(x,p)eXxXlace]R,x—p:cv},

s(Ss) = {xEXlaceR,x—p = cv}
={p+cvlceR}

PK T | .. @ s x°™t>1«]
vt @s2VocmU¢iw:wBuUpK”}
Ziw«w'Ot|$Uq..0t*" gx|i w
,S$15>)Q7"gprit|]x wOaeUAYO>
[b"\gsX$ > qpV"}

s(Ss) x pre”

53 6<%$q
iwsU>RQ"}

-1
Vay - T~ XX Vo

A:
m i fadd 7

\WWp| add:XxV—-Xxad"’«;e¢A @ XtSz
e T x,wy x+w pK”}

T ={51,83} > S wel q fw..0 1t>

1(S1) ={v}, 1S3)=1{p} ®)
p [b”\\p pxXiw:] vxVwO«Acgp
K"} s> IS, MDDt b"...8qb"q] ),
2

5(S2) ={(x,w) | x € 5(S4),w € s(S1)},
sS4 ={pU{x+w|(xw) e s(S2)}

={plU{x+wlx e s(S4),we s(51)} 9
>7"} (9) ““KV'Tt

D={p,p+v,p+2v,p+3v,---} C s5(S4)

sS4) X ppet” wvecm ""hs
D> %}thi\eiZp

vt e TpA!
s(Sy) =X

pK”"}mizt«|
"wWAvxw:wBU
X..@8x°™Mt> NesM}
selUBUpKey?pcMwp|«Qy
p<UE (9) x=hb}

Vese™ih hSt|iwEJd>—;b"}

EJL BuSit: g¢g:S—>NU [f~0M"q
| S,=¢'m) goU™w ieNtmMoiU>=-h
bap 5:25 -25 sRQ"}

nSHC S, 0 = Jnsn.
n=0

\wqV|< SUS=S0UnS)>-hbs’y]|
s = so.
n=0
UR“gm}
Al .neNxeS,,iqb”"} ntms S,NS,=0
iT'|
1) )CQSO

ii)minS’y xer/(sm)CSmHiSnH

UR“gm}HIlo
S =Souns)=Soul Jn(sn.
n=0

oxenS, pK"\qUTT"}lo Sne1 C1(S )

PK”} M| n(S,) CSpe1 " nSp) =Sn1 >7"}
Hlo|
Sy =08 u-1) =708 n=2)) = -+ =17"(So)
pK”"}lo
S=US,,.
n=0
C“EJUAINe"Y o

EJ1>-0hSt$U0 (7)>»
”71
Vay - 2 > X XV XNy
A
st o (10)

. [
X X N(3) """" a4 YX X N(4) S s X(5)



t!E']  ¢:XxVxN->XxN>iUp [b"}
o((x,w, k) = (x+w,k+1)
th ®) p [A+h..0 1>
1(S1) = {v}, 1(S3) = {(p,0)}.
tIEb”}b"q 9) x

5(S4) =5(53) U p(s(S2))
={(p, 0}

{(x+w,k+1)|(x,k) € s(Sq),we s(S1)} (11)

ts”I\\p
25(54) _, 25(54)

nA) ={(x+w,k+1)|(x,k) € A,w € s(51)}.

p [b”q]
(11) qEJ**

gqnxEJ 1 wUE>-hb}HIo]

sS4 = np. 0
n=0

= {(P,O), (P +0, 1), (P + 20’ 2)7 (p + 3U7 3)’ }

> mite
L Bs w7
*"}

th «S)={v,-v} gbey

F(Y,&”’,///It) X s(S5) =D >=hb
D x (S, M, T,1,S5) p q"

5(84) ={(p, O} U{(x + v,k + 1) [ (x, k) € 5(S4)}
U{x—v,k+ 1) [(x, k) € s(S4)}

gs“|Hlo

s(Ss)={--,p-3v, p-2v, p—v, p, p+v, p+20, p+3v,--- }.

)N',}A,tl(‘ t(S])z{l),—l),u,—M}qb'ylo
tx$ 3@ w'Os”T Yw:>""}
54 SU$q

$U 4) q10)>E"0"dhs$U
Qe

(&, S M) >B

-1 -1
Vi Pl XXVX N2 R Jen Vi
A

e sub~!

. B r e \ n
X X N(j) L » X X N(6) R X(7) XX X(g) L X(g)
\WOj|(Rix (10) g%oap| S;t" Yw:w
Bu>)Q"}\<UERU 4w weiawi pK
"leell 7 =1{5.5:.55) qfw.. @

(81) = v, —v,u,—u}, «(S3)={r}, 1(Ss) ={(p.0)},

g:584) = N> g(x,k) =kpl|n:

Cvur - - D00 00
- OOp&rOC 7y
- - - - 200000

@ () ©

$3:(a) 6<$t [Aeh" :}
Aeh™ Yt o wBU}
Uce }

b)) SUSt |
(d) SUS$t [~eh

t'lo| (L, S M, T,1,S9) x$ 3(b) w'Os”
Yt e« wBU> gb”}
%o 7t$U (S, .7, M)

—1 -1
Vay s XXVX N2 Vi) Ms vV x R
A

sub™! o mult

: o . i
X X N(s) - rrlrdm) X X N((,) s X(7) s X X X(g) 7—r]——> X(g)

37! e

peel yZ{Sl,S3,S5}QfW...®

1(S1) = {v,—v}, #S3) ={u}, 1«(Ss)={(p,0)}

1 bey] (LS M, T, 1,89) Xut eep:

{---.,p=3v,p=20,p-v,p,p+v,p+20,p+30,--}

>”% 3(c)w'OsU¢ > gb”}

55 Ap gwE"0~d
Wtpw«pxb,0As g>°p oVh}f
whS|$Uq..@t" gqpxU¢e w'OsF
$pomsOA T qpVsMgMOTAUK"T
<esMU|fOpxsM}omtusA”»>Em
txxls g>-Qy‘Mwx<j—ceiU]|fwt
Azwo $s q«DOpK"}mi“|F $see
UxAs gplaivaUsaiuxps qp |f

«HEUTd"\qUpPV"}E U~ dMx|0
msBuq owzéai|éeBuT'|SU$|6<
$sE0"dtp|™p_"OtU™w-%bs"”
jzcea@fUp "«"E"U"dMUDGpPK"}
«Qy|lIwsU>RQ"}

-1
V(]) B X X V(z)
7
mt add
- v
X3 X
U™MwAcV gBcX>qlo]|

K”*Osel-~...

1S1) =A,1(S3) =B p
t>q"}«Qy At (10) t*”



O @)
v ©<D©©O, =
oo

. OO
(a) (b) () (d)
$4: (@ U™MweaeUBUB}us qt'"A"»} (b)

B>F $t ,hBu}
B> AtHlo ,hBu}

) U™mwbO«AcwBuU A

"] Bt$ 4@ w'OsU™waiBu>q"q]|

$40b) w'Ot] BU" Yt “&7sh “w*
O0sU7U""«"}th Atc$ 4c)w'OsU™
WBU>-Qy|$ 4d w'OtU™we"t BU
“&Neh$ >7"}

\w‘Ot|o,t\,h MDL w'OsA”»wF
$seliqfw welwiA>|$Uqfw... D
t*" " qxD6th”}

5.6 - %o
[t]-%> %oMXmTw«>°pb”}

561 Sb

XpH:w™*' gp> suicc: N> N plu>)Q”
gp> mult: NxN—->Np bl\gqth”}iws$U
(L, M) >BQ"}

Nx Ny “>NxNa . ¢
\W\p ¢ = (;r; X mult) o ((succ o 1) X ) X
(n,m)y— (n+1,mn+ 1))
p [**"gppK"} T ={S1}q ofw..@ 1>
1(S1) = {0, 1}

p [b"}
"q |

s> (AL M)t £+ ...Bqb

5(82) = s(S) U e(s(52)) = {0, D} U (s(S2))  (12)

>T"} g:NxN->N> g((n,m)=np [b”
adl g 9 xKV'TtEJ 1 wUE>-hb}Hlo
(12)

52 = _Jel0, )y
n=0

={0,1,(1,1),(2,2),3,6),--- ,(n,n!),---}(13)

pK”"}

"hUlo| r, s, #1f x s(S;)={0,1)} g (13)
p [Ne"...O (7, M, T,t,S7)
xb,owxp:qfwSBOWEWBU> gqb”}

\Ww$U>—"1A0

s w7

N x N(l) L 2N x N(z) (\ P

N(3) B > N % N(4) e > N(5)

ab"q| (A, M, T,1,53,Ss) t'loxpu:wS
B>)Q"gptw gp£fU qgne"}

562 NYQAE:Y:
iwsU (7, 7,.4)>RQ"}

id
N* x N+(1) Sl > N* x N+(2) - "7—1—1——> N+(3)
G

3
Wp NfxYwxp:wBu|
N* - N* xCO :pK”"}Hlo
UR“gm} J ={S}q ofw...@
p [b"}b"q]<

85(82) = {(1, D} U o(s(S2))

¢ =myxadd | add : N*x

@((n,m)) = (m,n+m)
£> 1S ={1,1}

sel (L, , #|t) s’

UR“gqm}<  (mm) € s(S») U(,1) qYsey|
(n,m) € p(s(S,)) pK“|HIlo (m-n,n) Us(S,) psZ
eys'sMNecth (1,1) gYsey
Us(Sy)t fesZeys'sM}\es> “& 0
MXqg| 2 Riwexzcn*| Nt UYw: T %
sM\QT'|7™tx (1,1) ts"\quU~T"}"
hUlo

(2n—m, m—n)

S(SZ) = U ‘70({(17 1)}) = {(17 l)’ (13 2)’ (27 3)7 (375)9 T }
n=0

pK*“ s(S3) ={1,1,2,3,58,---}|bs jNYDB £ ¢
%B:wBUu>)Q"}
563 UiAcOéBuU

iwsU (&,.7,.4)>RQ"}

¢! 3CXCxNgy—= Cx Co T = Cg)
o - A
id| m
CxCx N (CV(5)
\\p C xO6E:f.wBuUpK*“|egp ¢ X

¢((c,2,k) = (c,c+ 2%,k + 1)



p [*+"\qqb”}ee i T ={S4,Ss5} w... Dt

>

#(S4) =1{(c,0,00 e CxCxN|ceC},
1(Ss) ={ze C|lz > 2}

p [b"}
"q]

s> I'(L, ' AN )t T«"...0qb

$(S1) = @(s(S1) U s(S4)
=p(s(51))U{(c,0,00 e CxCxN|ceC}.

@p g:s55) > N> g(c,zk)=kp [b"q|E
J1 "

s = e(ss4)

n=0
={(c,z;,n) eCxCxN|ceC,neN}

pK”}hi® L xzg=0]2,, =) +cp [
<"}

Hio| I(F .7 10 xip [P . @  sw
> %o}

s(S1) ={(c,z,,n) e CxCxN|ceC,neN},
5(S2) =1{(c,z.) e CxClceC,neN,lz| > 2},
5(S3) = {c € C|Pn e N, || > 2},

5(54) ={(c,0,0) [ c € C},
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